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概要
先ず[1]で は ､ 無限階 の 微分差分作用素 の
一 般化 となる ように非局所擬微分作用素 の 定義
を行 い ､ 非局所擬微分作用素 どう しの 合成､ 正則関数
- の 作用を定 め､ ま た非局所擬微分作
用索の クラ ス と表象 の ク ラス と の 間の 対応を構成した o さらに ､ 非特性的 な方向にお
い て 可
逆性定理を証明 した ｡ そ して【2]で 臥 正則パ ラメ
ー タ付き マ イ ク ロ 函数 に つ い て , 正則パ ラ
メ ー タ に関す る制限デ ー タがす べ て 0 で あれ ば元の マ イ ク
ロ 函数も 0 で ある こ とを証明 し,
これが古典的な多変数函数論 にお ける ハ ル ト
- ?ス 現象 と関係す る こ と を示 したo [3]で は
バ ナ ハ 空間にお ける線型関数微分方程式にた い し定数変化法公式 を相空間にお
い て 定式化 し
た ｡ [4]で は ､ WK B解が無数 の phas e妄許容するような広
い ク ラ ス を作り ､ ボ レ ル 総和法 に
基づく WK B解析が行 える こ と を示 した o 更に[51で は ､ ホ
ロ ノ ミ ッ ク系 の指数多項式解 の
フ ー リ エ ･ ボ レ ル積分表示 公式を ア ル ゴ リズム 論的な観 点か ら研究 した o
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No n-lo c alpseudo -di鮎r entialoper ator s
By Ryuichi ISHI M U RA
R孟su M丘I - La n otio n des op6ra七etlrS ps e udo- di鮎r e n七iels n o n-1o c a u x, ain siqu e
leu rs symbols e七1
'
op6r a七io n s u rdesfo n ctions holo m o rphe s, e s七6七ablie e七1e七h6o rもm e
d'in versibili七6po u r七els oper a七e u rs estd6m o n七r6.
AB S T R A (コT･ - T he n otio n ofR o n-1o calpseudo-differ en七ial'oper a七o rs, a 8 W ellaB七heir
symbols a ndthe ope ration on holo m o rphic fun ctio n s,is established a ndthein v ertibilty
tbe o r e m払r s u ch oper ato rsis pro v ed.
I Intr odu ctio n
A 洗erM algr a nge
'
sthらs e[Ml], m a ny a nthe rshav e studiedthege n eraliz ed differ e ntialoper ator,
includingparti aldiffe r e ntialope r a七or s ofinfinite o rde r o r c onv olutio n ope r ato r s.
Am o ngthe m,fo rthe
'71o cal” - ope r ato r,thethe ory oftheps e udo-difFe r e ntialoperator, e s-
pe cially七he study ofthe mic r o-differ e ntialoper ato rs, of Sa七o, Ka w ai and Ka血 w ara.[S- K - K]
pres e nted a quite ge n e ralpo s sibili七yfo rthe study of thepa r七ial differ e ntialequa七ions. h
this dire ctio n, T･ Aoki[Alト[A3]dev elop pedthe symbolc alculu s of七he ps e udo-differ e ntial
ope r ato r s a nd studiedthein v e rtibility ofa micr o-diffe r entialoper ato r. Usingthisthe ory,
Aokiob七ain ed in[A4],the e xist an c e a nd c o ntinu ation the o rem for a differ e ntialequ atio n of
in丘ni七e o rder.
As forthe n o n-lo c aloper ato r,for e x a mple,in[Ⅰ-01]a nd[I-Oj10], w e establishedageneral
cri七erion 払r the a n alytic co n七im atio n of a c o n v oh七io n equ atio nde丘n ed in 七be c o mplex
do main, u singthe m ethod de v elop ped by K is elm a n[K i](se e al鮒 S6bbar[S6]).
Inthispaper, w ein sist that thethe orydev eloppedby Aoki is stillpo werful forthe study
of刀 n o n-1o cal” equatio n s. A七first, w ede丘n ethe n o n-lo c alps e udo-differe n七ialoper a七or and
the n w e willrepr es e n七七be m by七beir symbols. T his m ake lユS po ssibleto c o n sider 地e n o n-
1o c alps eudo-diffe r e ntialequ atio n s con c re七ely. As an exa mple, w e willestablishthei血egral
r epr es entatio nfo rm ulafor a n on -lo c al micro- differentialoperato rsby m e a n s ofits symbol,
which w a sdonein the c a s e of lo c alpsuudo-differ en七ialopera七ors by Ka七a oka[Kat]. Next,
we als odeveloppe七be symbolcalc11u s asAokiand 丘n aly, w e willobtain 比einvertibili七y
the ore m for s o m e ofthe s e operato rs.
2 No七a七io n s a nd re call
ln this paper, w e se七 X : - C
n
. Let Ox be七he she afof holo m orphic functions o nX. We
de丘n ethe sphere atinfinity S空
‾ 1 by(a:
n
＼(0))/汲＋ a nd we c o n sider七he c o mpa ctific a七ion
bydire ctio n sD
2n
: - cn u 穏
- 1
ofC:n ご R2n ･ Forぐ∈ Cn＼(0), w eden ote by(- ∈ s&n
- 1
the cla ssdefin edby(,that is,
亡∞ ‥ - (町てin I)2n)∩5怒
- 1
For a subs etA c X , w e will als ode n ote
A00 : - (ぐ∞ ∈5慧
‾ 1
I温十 ･E⊂ A).
Bythe s a me w ay,fo r a s ubs et∩ ⊂ S
*X ctX x Sap
- 1
, w e willals｡de note
f?∞ ･･ - ((I,()∞ :- (I, 如)∈ S
*Xi(I)×(胤ト イ)⊂ 0).
Inthispape r)for any c o mpactc onv e x s et M c X ) we willm ake u s e oftw otypes ofs upportingfunctio n s:
For anyI - ((1,(2, - ,tn)∈ Cn ,
H M((): - S uPRe(I,()
z∈M (2･1)
zM(():-
z
i
E
nf
M
Reくz,I) (2･2)
wher e(I,ど):- ∑,T- 1 Z3･(3･ WithI - (zl,Z2, ･ ･ ･ , Zn), Which win be alsode n oted by I ･(. Als o,
for an ope n s et D c X ) w ewin ofte n w rite? for the simplicity) D .･ - D ＋ M . For a s et
C ⊂ Cn,1et C
O be the pola r s e七‡z ∈ XIRe(I,ど)> 0 for any ( ∈ a)and fo r a se七
A ⊂ X w edenote by A
a
- - A its a ntipodalト zJI ∈ A)I In thispaper, we will de n ote
A ＋ B ‥- ‡a ＋bla ∈ A,b ∈ B)a nd A - B : - (a - bla ∈ 4b ∈ B)for a ny A, B ⊂ X
3 Defini七io n of n o n-丘o c alpse udo - diffe r e ntial ope r ator s
a nd s o m e ope r atio n s
Let M ⊂ X : - Cn be a c o mpa ct c on v ex s et and p - (xo,Eo) ∈ r*X . We s et △M :=
((x ,y)∈ x x xlI : - y - ∬ ∈ M)･ △†o) willbe als ode noted by △･ For a ny pr oper clo s ed
c o nvex c o n ea ⊂ X with ve rte x at os u ch tha七 G ⊂ (Eo)Oa u(o) and any E > 0, w e s et
GE = GE(Eo): - (a ＋ E o)∩(Eo)Oa where asdefin edin the pre c eding s e ctio n,(Eo)Oa is七he
anti-podalof七hepolar s et of七hedir e ctio nEo,tha七is,(Eo)Oa : - (I ∈ xfRe(I,Eo)< 0). Fo r
o n eofs u ch GE, letS c X x X be aclo s eds ets u chthat w eha ve
CA(S)c X x GE (3.I)
where CB(A)isthe n or
-
m alc o n e ofA ⊂ X alongthe s ub- m a nifold B, whichis a Clo s ed c o nic
s e七in TBX(se e[K-S3]7 Chap･ IV)･ For atypic ale x ample of S,let r⊂ X be 叩 rOPer C On VeX
c one withv erte x a七Osu chthat r⊂ (ED)Oa u(o)a nd s et S ‥- ((r,y)∈ x x xLz :-
y - x ∈ r)･ We den ote byqi,3･ the proje ctio n: X x X x X → X x X bythei-tha ndj-th
c o mpo n e nts: qi,i(xl, X2, X3) - (xi, X,･)･ We r e c alltha七a clo s eds etS ⊂ X x X is s aidt｡be a
ヂroPe rO rde ringifits atisfie s‥(i)S ⊃ △7(ii)ql･3(qlT2
1snq2T3
1
s)⊂ s,(iii)qlT2
1snq2T3
1s
qi?s
IS aPr oper m ap(the definition 31 ･1 of[K-Sl]).
Definition 3･1･ Le七 M ⊂ X be a c o mpa c七co n v ex s e七･ A clo s eds et Z⊂ X x X is s aid 七obe
aprope rse mi- orde ring Withs upportM ifits atisfiesthefollowlng C O nditio n s:
thereis aproperorderingS s u ch that w eha,ve
(0)S ＋ A c S.
(i)S ＋ AM C Z.
(ii)ql,3(qlT2
1z nq,3Z)⊂ Z ＋ △M .
(iii)qlT2
1z nq2T3
1z
qB3 z ＋ △ M is aproper m ap.
A clo s ed s e七 Z ⊂ X x X is s aidto be aproper o rde r m9 Withs upport Mifi七is七he
inter s e ction offini七e n umber ofpr ope r s emi- orderings withs uppo rt M) that is) ther e are
finite nu mber ofpr ope r s emi- orderings Zl(1 くl< N)withs uppo r七 M su ch 七hat Z - nr= 1Zl.
Any ope n s e七 W ⊂ X is said七obe Z - open if(y ∈ XI(x,y)∈ Z, x ∈ W)⊂ W ,that is,
de n otingqithei-thpr oje ctio nfr o mX x X 七o X, w ehave
q2(Z nql
- 1
w)c ”.
Definitio n3･2･ Let Z
,
Z/be七w o pr oper o rde rings withc o mpa c七 c o n v e x s upport M , M
/
) re
-
spe ctiv ely. We will de n ote
Z' ｡ Z : - ql,3(qlT2
1z nq2T3
1z/)･ (3.2)
T hepair(Z,Z
′
)willbe s aid to be c o mpo s able withrespe cまto(M , M')if Z/ o zis apr oper
o rdering withs upport M ＋M
l
a ndthe m ap q13 :qlT2
1z nq,T3
1z′ → z′ ｡ z isprope r.
Defimi tion 3･3･ Le七Z
,
Z/ ⊂ X x X betw opr oper orderings and M) M
l
⊂ x c o mpa c七c o Ⅱv ex
s ets･ An open s e七 D ⊂ X is said to be a(
～
Z
,
Z/)- r o u nd ope n s et with r espe ct to(M, M')if
(y ∈ XI(a,y)∈ Z,(y, I)∈ Z′,x ∈ D, I ∈ B'･･ - D ＋ M ＋ M')⊂j),that is,de n oting qithe
i-七hproje ctio nfro m X x X x X to X,
q2(ql:2
1znq2T3
1z
'
nql
- 1D n 好
1
(D ＋ M ＋ M
'
))⊂ D ＋ M ･ (3, ･3)
We simplys aythat D is Z- ro u nd with respe ct io M if M - M
/
)
Z - Z/ .
In七he c as etha七 M - (Ol,thisisjust to s aytha七 D is Z-r o u nd(se e[K -Sl]). Re c al,in
the c a s e of
.
Z :- ((x,y)∈ X x XII :- y - x ∈ r), D is r-r o undiぼ(D ＋ r)∩(D - ど) - D
(se e[K-SI∃)･
Definition 3･4･ Le七 Z be apr oper ordering withs up por七 M . Z is sai d to be at the directio n
Eoif thereis a c or re sponding pr oper orde rings atisfying(3･1). For aproper o rderingZ with
s upport M a七Eo a nd a Z-r o u nd open s et Dwithxo ∈ D, n o w w edefin e
ど(Z;D):- H2(D xi), oho;nk)･ (3.4)
Her eOko･xnkisthe she afofholo m orphic(0,n)-form s. We c au any P ∈ E(Z;D)a non-local
ps e udo-diHer e ntialope r ato rdefin ed n･e ar the poin七p,(or ratherdefin ed n ea rthe dir e ctio n
Eo,)a nd c a ried bythe c o mpa ct c o nvex s et M . Re m arking七hat.ifZl ⊂ Z2, W ehavethe
natu ralm o rphis mf(Zl;D)1 ど(Z2;D), w ewildefin e
Eh
R
I(D)Eo ‥ - 1igど(Z;D)
Z
(3･5)
whe r eZ r un soverthefami ly ofproper orderings withs uppor七 M a七the dire ction Eo･ We
als ode丘n e
fc
R(D)Eo : - ∪硯(D)i. I
M
In the c as e ofZ ‥- ((x,y)∈ X x XII :- y - x ∈ r ＋ M), w e deno七e EM(r;D)inste ad of
ど(Z;D)･
pr opositio n3･5･ LeiZ, Z
/ betw oprope r o rderings with compactco n v e x s uppo rts) re spectiv ely,
M
,
M′ atEo su chtha舌(Z,Z
′
)is c ompo s able with re spect to(M , M
/
)I Se舌Z
′′
:- Z/ ｡ Z, the n
z′′ is apr ope r ordering W 肋 s uppbrtM ＋ M
′
･ Lei D be a(Z,Z
I
)- ro u nd ope n s e士 withr espe ct
to(M , M
/
)･ The n w eha v eike n atural m o rphis m, which w e c allike c ompo sitio n m ap:
f(Z;D)⑳ f(Z
′
;A)ヰ f(Z
′′
;D)･ (3･6)
prbof. We setA:- D ＋ M ＋ M
J
･ T he n, bythe c up-pr oduct, w e ha v ethe following m ap:
f(Z;D)⑳f(Z
′
;jj) - H2(D x A, oho,x
n
k)⑳ H2′(A x A, ok
o･
x
nk)
→ 職 場 zJ(D x A x A,oh
o,
x
n
k
n
とズ)I
Re calingthe Definitio n3.2, we m ay u s ethe Pr opo sitio n3･1A of[K-Sl]a nd w eha v e
～ ～
職 znq2T蓋z′(D x A x A,ok
o7
x
n
k
n
ミズ)→ Hi',(D x A, Rql,3,Oh
o
,
x
n
k
nとズ)･
Final ly,七he in tegr a七ion along丘berslql,3 dx2 giv es
HiT,(D x A,Rql,3,0望,x
n
k
nとズ) 1 H2′′(D
ノ
× A
,
o望7x
n
k) - f(Z′′;D)･
Fo r a ny P ∈ C(Z;D)a ndQ ∈ C(Z
r
;A), w ede n otebyQ ｡ P ∈ f(Z
′′
;D)theim age bythe
m o rphis m of thepropo si七io n andc all i七the c o mpo sition ofP a ndQ･
A no n-1o calps e udo-differeⅡtialoperator may oper ate o nholo m orphicfu n c七io n s‥
propo sitio n3.6. Fo r aprope ro rde ring Z with c o γ坤αct c o n v e xS upport M atEo, let D be
a z - m und ope n s et in X - C
n
･ Let W) Wo ⊂ X be tw oZ - ope n sets wiih Wo ⊂ ” a nd
w＼wo ⊂ D . Then,fo r a nyk, w eha v ethe n atu ralm o rphis m:
E(Z;D)⑳ ガ(
k
w w.). M((D ＋ M)∩(W ＋ M),Ox)→ 鴇＼w.(”,Ox)･ (317)
proof. We denote, fo主the simplicity, A - D ＋ M and T : - W ＼Wo･ Le七 qi bethe か払
pr ojectio nfr o mX x X to X . Se七 W : - q2
- 1
(T ＋M)n Z･ Theby七he c up-pr odu ct, w eha v e
E(Z;D)⑳ 月音＋M(b n(w ＋ M),Ox)
- H芸(D x A,oho,xnk)⑳ Hf. M(bn(w ＋ M), Ox)
ぅ H訂k(D x(b n(w ＋ M)),Ok
o･
x
n
k)･
Asinthepro of of the pr e c edingpr opo sitio n, w e m ay easily s eei
.
ha七ql
- 1(T)n ” is a n ope n
s et in W andthe proje ctio nql軒(T)n W :ql
- 1(T)n ” I T is apr opr e m ap･ T he n w e c an
applythepr opo sitio n3 1･4 of[K-Sl]and w ehave
月訂k(D x(A n(” ＋ M)), Oho,xnk)1 耶 ＋k(D ,Rql,Oho,xnk)- 碍 ＋k(D n ”,Rql,Oko7xnk).
Bythein七egra七io n alo ngthe丘ber s of軌, W ehav e
碍 十
k(D n”, Rql!Oko;nk)ヰ Hf(D n ”,Ox) - Hf(”, ox).
h partic ular,forthe c as ek - 1, w ehave:
Cor ollary3.7. In the situ ation ofthepropo si舌io n,let P∈f(Z;D). The n wehavethe ope r-
ation
P : 0((D n Wo)＋ M)/0((D nW)＋ M)) 0(D n Wo)/0(D nW)･ (3･8)
As a七ypical and七he m o s七importa nt e x a mple ofpr e c eding dis c u ssio nis thefolo wing
c a se: 1e七 rl,r2, ･ - ,rN be proper c o n v ex clo s ed c o nesin X withverte x at O･ Set Z -
ZnF= 1(r1. M) :
- ((x,y) ∈ X x X Iy - x ∈ nr= 1(rl＋ M))･ Infa c七, e v e ry Zl : - ((a,y)∈
X x XIy - x ∈ rl＋ M) (1 くli N)is a pr oper s emi1 0 rderin畠withs upport M a nd七lms
Z - nr= 1Zlis aproper ordering withs uppo r七 M ,in 七he s e n c e of the Definitio n3･1･ (We
re m a rk
,
ing
.
eneral,(nr- 1rl)＋ M ⊆nr- 1(rl＋ M)･) In this c as e, the n otio n ofZ- open o r
z- r oundis slmPly r e n am ed asnF= 1(rl＋ M)- ope n ornr= 1(rl ＋ M)- ro u nd a ndfor an ope n
nr= 1(rl＋ M)-r o u nds et D, w ede n ote
EM(rl,r2, ･ ･ ･ ,rN;D): - 6(Z;D)･ (3･9)
we m ay e asily veri&t ha七thisis a spe cialc a s e ofn o n-lo calps eudo-differ e ntial oper ator s
defined inthede丘nition 3.4. Als o we ve ri& ea silythat a1七hehypothesis of Pr opo sitions3･5
and3.6 are als ovalid in 七his c a s e. Am o ngthes ecir c u m stanc e s, w ewillc onc e ntr ate olユr S elv s
m ainlyin so m e spe cial c as e a sfo11o w s･ In the r e s七e ofthis s ectio n, w e s uppo s ethat D is a
c on vex s et. The nD - D ＋ M is als o a c o n v e x ope n s et. T aking a c o o rdin ate on X, we c an
c alc ulate(3.9)by m e a n s of銑chc ohom ology･ By a r otatio n ofc o ordin ate, w e m ay as s u m e
Eo - (1,0, ･ ･ ･ ,0)I For any6> 0, s e七the c o n es
rl
,
6 - rl : - (z ∈ X
rj,6 - rj : - (z ∈ X
6llm zl i - Re zl), (3･10)
61z3･I<lzl ) (2 くjく n), (3･11)
and w e c alc ulate EM(rl, r2, - ･ ,rn;D)･ Let take七he fo11o wingholo m o rphical1yc o nvex do-
m aln S:
vl : - D x b＼((x,y)
v
,
I : - D x b＼((x,y)
I - y - x ∈(rl ＋ M)), (3･12)
I - y - x ∈(rj ＋ M)) (2くjく n)･ (3･13)
(It is e a syto s e ethatthey are holo m orphical 1y c onv ex by u sing,fo r exa mple, the T he o r e m
2･6･9[H l])･ T he nfor Z :≡((x,y)∈ X x Xly - x ∈ ∩芸= 1(rk＋ M)), V :- (Vl, V2, - ･ , Vn)is
an open cov
～
eringof Dx D＼Z･ Le七de n o七e V :- ∩;= 1Vh andVk: - ∩ 柳Tuork - 1, 2, - , n ･
(V - D x D＼∪芸= 1((a,y)II - y - x ∈(rk ＋ M)) (2<jく n).) We e a silys e etha七
H2(D x A,ok
o
･
x
n
k) 空 H n
- 1
(D x b＼z, oho,xnk)
～
ok
o
7
x
n
k(v)
∑;= 1 0i;o･x
n
k(v&)
(3,14)
So,fo r a ny P ∈ EM(rl,r2, ･ ･ ･ , rn;D),itc or r e spo nds a r epr e s e nting(0, n)-form K(x, z)dy -
K(x,y)dy ∈ Oho,xnk(v)de七e min ed uniqn ely, m odulothe de n omin ator∑;= 1Oh
o
,
x
nk(vk). We
cal K(x,y)dythe ke r n elof P･
Rem a rk . We r e m ark that, in the situ atio n of the Corolla ry 3.7, the operatio n of P o n
I(x)∈ 0((D n Wo)＋ M), which isdetermin ed m od ulo 0((D nW)＋ M),isgiven by
Pf(x) -/＋(ど)K(a,y)I(y)dy (3,15)
whe r e七hein七egralpa七h ry willbe de丘n ede xplicitlyin the n e xt s e ction(se e(4･4)).
Re m a rk I ye re m a rkin 七he above situ atio n, ∩芸= 1(rk ＋ M)⊃(∩芸= 1rk)＋ M a nd ther efor e
V ⊂ D x D＼((∬,y)II - y - x ∈(∩冨= 1rk)＋ M)･
Re m a rk . Ifrl, r2, - ･ ,rn andr
'
1,r
V
2,
-
,
rニbetw o cla ss es ofc o n es of七hefo r m(31 0)-(3･11)
and M
,
M Itw o c o mpa ct c o n v e x s ets･ Le tc o n side rZ : - Zn芸= 1(rk＋ M) a nd Z
/
: - Zn富= 1(r/k＋ M,).
We s etalso Z//: - Zn;= 1(rk＋r
,
k＋M ＋ M
,)I T he n w eha v e
Z
/
｡ Z - Zn冨= 1nT= 1(rた＋r;＋ M ＋M,) ⊂ Z
/I
- zn;= 1(rた＋r
,
h＋M ＋M
])･ (3･16)
Tben w ebaⅣe七he c o mpo sitio n m ap
cM(rl,r2, - ,rn;D)⑳fM ′(r
'
1,r
'
2,
-
,rニ;i)
ヰ CM 十 M′(rl ＋r
'
1,r2 ＋ r
/
2,
･ ･ ･
,
rn ＋ rL;D) (3･17)
asthe c o mpo sitio n ofm aps
fM(rl,r2, ･ ･ ･ , rn;D)⑳fMJ(ri,r
/
2,
･ ･ ･
,
rニ;A)- E(Z;D)⑳ C(Z
/
;A)
ヰ E(Z
'
｡ Z;D)
ヰ ど(Z
′′
;D) - どM ＋ M′(rl ＋ r
l
l, r2 ＋r
r
2,
-
,
rn ＋ rニ;D),
her ethe丘rst m apisthatofPr opo sition 3.5 and the s e c o nde o n eisthe natu ralm ap, c o unting
a c c o unt(3A)a nd(3･16)in mind･ In pa rtic ular, we ha v e
fM(r
l
l,r2, - , rn;D)⑳ EM ′(rl,r2, - ,rn;A)
1 EM ＋M ′(r1, r2, - ,rn;D)
whe r e ofc o u r s eD - D ＋ M .
4 Sy mbols of n o n-lo c alps e udo - di 鮎r e.ntial ope r ato r s
No w w ewillm ake a n otherinterpr etatio n ofa n o n-1o calps e udo-differ e ntialoperatorby m e a n s
of its symbol･ Let f7 be a c o niqu e n eighbo u rho odofp - (3:o,Eo)∈ r X . For any r > 0, w e
will deno七e n(r)‥ - ((x,i)∈ nI ほl> r)a nd 叫r]:- ((x,i)∈ nHit> r).
Definition 4= .1. (c.f.[Al])Forthe c ompact c o nve x s et M, S et
SM(∩)
NM(∩)
and
(P(x,i)∈ 0(∩(r))(withs o m e r> 0)I
for a ny c o nic s e七n
J
垂 n, a ny r
/
> r a nd a ny E > 0,
there exists CE > 0su chtha七 w e have
lP(x,i)I< C8e
HM(i)＋EJE‡(for every (x,i)∈ n
'
[r
/
i)) (4･1)
(p(a,i)∈ S
M(o)IP(a,i)being ∈ 0(n(r)),
for a ny c onic s e七n
/
奄 n a nda ny r
/
> r,there e xist
Eo > 0 and a> 0s n ch that w eha v e
tp(x,E)lく Ce
IM(eト EoIEl(for e v ery (a,i)∈ n
/
[r
/
])〉. (4.2)
we re m ark七ha七in 七he c a s e of M - (0), we have S(
Ol(∩)- s(n) and N(0†(∩)- N(n)
(seeAoki[Al】)I Inthis s e ctio n, w e e mploy七be situ atio n of七bela s七 of七hepere c edingse ction :
rl
,6
- Ill : - (I ∈ X 卜叩m zl く - Rezl),
rj,6 - r,
･ ‥- (z ∈ XI6Tz,･!<lzlけ(2く3
'
く n),
a nds e七fo rthe simplicity a(M): - ∩冨= 1(rk＋ M)･ Inthe n o七a七io n s ofthepr e c edings e ctio n,
take a n on-1o calps e udo-diffe r en七ialope r atorP ∈8M(rl,r2, - ,rn;D)withC o n v e xa(M)-
round open s e七 D and七ake o n e ofits ker nelK(a,y)dy de丘ned by(3･14), T ha nks ofthe
a(M)-r o u ndn e ss, w e s e ethat Ds atisfiesthefollo wing c o nditio n:
1e七 1rk bethe k-thpr ojectio n o nCn to a. Se七 Ak :- 7Tk((I ∈ CnlRe(I,そo)≧ IM(Eo))n
G(M)), Bl :- 1rl(a(M))and Cj : - C O n VA,I (2くjく n)wher e
,
c o n vE isthe c oI Ⅳe X-hul of
a s e七 E ⊂ a. We r e m a rkthat
Al - (zl - Wl ＋ xlI6Ilmwlti - Re wl, X ∈ M)∩(z ∈ C
n
lRe(z,Eo)>ZM(Eo)).
No wthe as s u mptio n: there exists a n open s et Uo ⊂ D, Uo≠めsuch tha七 w eha v e
([(∂Al n∂Bl)× ∂C2 × - ･ × ∂Cn]＋tTo)⊂ B - D ＋M , (4･3)
whe r e∂C is the bo undary s e七 of a .s e七 C ⊂ a. So[･]in 七heleft-ha nd side of(4:･3)is a
s ub-s et oftheShiro vbo unda ry oftheprodu cts etAI X A2 X
I ･ ･ X An . We sh allc orr espo nd
七otheke rn elK(x,y)dy, a symbol P(x,i)∈ S
M
(o)(∩to bedete r min ed)I Tothispurpo se,
1e七 de丘ne a nintegr al path7 in X s u ch tha七for a n
.
ope n s e七 U 毎 Uo, U ≠ 臥 七he s et
((I, x ＋ z)Ix ∈ U, I ∈ 7)is in cludedin the do m aln V - ∩芸= 1Vk Wher eK(a,”)dyis
de丘ned: there are tw o points a,a ∈ a ne ar ∂AI S u Ch 七ha七 Re a, Rea< I^ ,I(Eo)a nd lm a <
inf
zEM lmzl, lm b> s upz6MIm zl ･ Let take an oriented s m o oth Jo rda npath71 ⊂ a havlng
al
'
as
_
the star七poin七 and bl a S七heter min alpoints otha七ヤ1 : - ((x, X ＋(zl,Z2, ･ ･ ･ , Zn))∈
U x D[zl ∈ 71, Zj ∈ C (2 く j < n))⊂ Vl ･ For zl ∈ rYl, 1e七 7j - 7,･(zl) ⊂ C be a n
orie nted sm o othJordan
_
clo s ed c tlrVe Withpo sitiv e orientatio nin a s othat旬 :- ((x, 諾 ＋
(zl, Z2, - ･ , Zn))∈ U x DIzj ∈ 731, Zi ∈ C (i≠1,i))⊂ Vj･ (T he se arepo s sibleifw etake U
s mal le n o ugh)･ We re m a rk tha七by七he a ss unp七ion(4･3), 73･ m aybetaken indepe nde ntly of
zl. Set七ing l′ :- 71 × γ2 ×
- × ≠ , n O WWe de丘ne the symbolof Pasfollows:
cr(P)(x,i):-/ez'モK(x, x ＋ I)dz. (4･4)
Proposition 4:･2･ Jn the pre c eding Situatio n, we m ay suppo se(4･3)･ We a ss u m e alsoEo -
(1,0, - ,0)･ The nthere e xists a c o nic neighbo urho od 0 ofp : - (xo,Eo)s u ch tha舌 U ⊂
7T(0), wher e7T : T
*X 斗 X is the projectio n, a nd w eha v ethefollo wing: fo r a ny P ∈
fM(rl, r2, - ,rn;D) and a nyke r n el K(x,y)dy ∈ Oho;nk(v)ofP, the
.
symbol g(P)ofP
dejin ed by(4.4)is containedin SM(”). Be sides, the symbolq(P)is u niqu elydete r mined in
SM(n)m odulo N
M
(f7).
Pro of･ T he fa ct tha七 J(P)s a七嘩es(4･1)a七p - (xo;Eo)is obvio u s and by a rotatio n of
variable s and by thefa c七tha七 n ∞ n SET
‾ 1 is c o mpa ct, w e see cr(P) ∈ SM(∩). By the
definition of7, especialy bythe choic e of ryュ, ifK(x,y)dy ∈ Ok
o
7
x
nk(vi), W ehave q(P)∈
NM(n)and if K(x,y･)dy ∈ 0望kn (vj･)for s o m ei(2<ii n), w eha ve q(P) - 0･ 口
Ne xt w e willpr ovetha七七o a ny simboI P(a,i)∈ SM(o), w e m ay a ss o ciate akern elK(x,y)dy
ofa n o n-1o calps e udo-difFer entialope r a七or P at thedire ctio nEo andthis c o rr e spo nde n c e and
tba七 of 地epr e c eding Propositio n ar einvers e七o e a ch otle r･
Le七 U ⊂ Uo be an open s e七 and LL) an OPe n C O n e Withv erte x at0 withLJ ∋ Eo and
U x ” ⊂ n･ ForanyE∈ ” , s e七the ope nhalf- spa c e′叫 :去(I ∈ X[Reくz,i)> HM(i))･ Fo r
a ny z ∈ 叫,the r eis6 > Os othat Re(I,i)> HM(E)＋6IEl･ Then for any x ∈ U andp ∈ C
s o七hatlpI> r(r being ap pe aredin(4･1))andpE∈ LJ, W e S et
L
p(T, I,i): -/
∞
e
- T Z'ET
n - 1p(x, TE)dT (4･5)
where the pathof integtr atio nis take nin the dir e ctio np. By(4.1), ifw etake U s m all
e n o ugh,thisintegral is abs olu七ely and c ompa ctlyco n v erge ntfor(x,2:,i)∈ Ux((w,ど)∈ X x
LJIRe(w ,亡)> HM(())･ Now
ForTl
/
- (172,173, - ,qn)with
E > 0 and z withzj≠0(2く
by `
tr7
J
l
j<
a rotatio n ofc o ordin ate, w e m ay a s u m eEo - (1,0, - ,0)I
≪ 1, s e七 r7: - (1,T7
′
):- (1, r12,TIS, ･ ･ . ,Tln)･ Fo r a ny s mal l
n) w edefinethe(” - 1)- chain
β‥ - [o,三]×[o,三]× ･ ･ ･[o,三】 (4･6)
女her e[0, w]‥- (cw1Oく c く 1)for a w ∈ a. No w w edefin ethe kern el ofP(x,i)by the
form ula:
K
p(a,y): -
1
(27T√=了)n
[/aLp(x, I,Tl)dr7
/
]lz = y - x (4.7)
wi th77 - (1,丁7'). By atran slation, we m ay als o a ss u m e0 ∈ M and s ofor a ny z卓uZ= 1(rk＋
M), w ehave z3･ ≠ 0fo r2 く j く n ･ Re m a rkingthat a s malloscila七io n of 七he integral
dire ctio n[p, ∞[in(4･5)gives a n a nlytic c o ntin u atio n, w e s e e e asily thatfor(x,y)∈ V for
s o m e6 > 0 in thepre c eding n otatio n s, Kp(諾, y), Which willbe n o wde n oted by K(∬,y),is
holo m orphic･ We s e e asilythatfro m P(x,i),theker n el K(x,y)isin fa c七defin ed uniqu ely
m odulo ∑芸= 10x x x(Vk),be c a u s efo rp/ an a n other choic e ofpclo s e七o p, w ehave
K
p(x, y) - Kp′(α,y) -
n
∈ ∑ox x x(v&)･
k= 1
1
(27r√耳)n
[/Bddf
p
e
‾ r 叩
T
n ‾ 1p(x, Tn)dT]IE = y - α
If P(a,i)∈ N
M(n),taking(4･
_
2)into a c c o unt, w e s e eals oe asilythatthe r eis6 > 0such
that,takingD s maller s o七ha七D s atis&ing(4･3), w eha v eK(∬,y)∈ ∑;= 1 0x x x(Vk)･ Thu s
w ehaveproved
Propo sitio n4.3. Fo r any c o nic open n eighbo urho od 0 ⊂ r X ofp - (xo,Eo), Eo being
(1,0, ･ ･ ･ ,0), there a r e c o n e srl,6,r2,6, ･ ･ ･ ,rn,6 0fthefo r mdePn edin (3･10) a nd(3･11)
with s o m e6 > 0 and a c o n v ex n芸=1(rk,6 ＋ M)- r o u nd ope n s e舌D s atisfying(4･3) witha
n o n- e mpty ope n s et uo ⊂ D s u chthat to a ny symbolP(x,i)∈SM(o), w e c a n a ss o ciatethe
ke r n el K(x,y)byikefollo wingfo rm ula:settingi:- (1,r7
'
),
〟(∬,〟):-
1
(27Tv q)nか′/
∞
a
- r(y - c).eTn
‾ 1p(x, TE)dT (4.8)
taking pa ndβ asin(4.5)a nd(4.6), a nd this K(x,y)is u niqu elydete r min ed byP(a,i)in
Ox xx(V)/∑芸= 10x x x(V&)I Thu s a nysymbol P(a,i)deSn es a n o n-lo c alps e udo-diHere ntial
operator p ∈ fM(rl,r2, I ･ ･ ,rn;D)･ Fu rthe r m o r ethis P is equ al io 0 ifihe symbol P(a,i)
is co ntain edin N M(f7)･
Now w epr ovethat the c o一
to e a chother:fo rK(x,y)dy ∈
(Ⅰ)
(ⅠⅠ)
･(1, r7
/)･
ro ofof
wi thr7:-
(I) P
ln the
(zl - 71)∩
1
r
B
s
x
8･
x
S
x
F箭
(27'J二‡)n
≡ K(x,y)
1
(27T√=丁)n
c e sde丘n edin Propo sitions 4.2 a nd4･3 a r eiI ⅣerSe
a nd P(x,i)∈ S
M(n), w ewi llpr ove
/add/
∞
e
- r(y - D)･叩 Tn
- 1dT/eT W'q K(x,T ＋ w)dw
n
m odulo ∑ox x x(Vh),
k= 1
/ez･Edz/addf
∞
e
- T -
T
陀 ‾ 1p(x , Tn)dT
≡ p(x,i) r' wdulo N
M
(∩)
Where D
,
6> 0 or ∩ arepossibly七ake n s mal ler.
(4･9)･
s equ el, fo
(rl＋ 〟)=
r(諾,y) ∈ V, po s e I y - x . Take 71 n e ar ∂Al.
(4.9)
(4.10)
For I s othat
¢ andI,
･ beinginthe exterio r ofthedom ain circledby 7,
･(2くjく n)･
I being fix ed) tak ing pin s o m ewhat differe nt dir e ction fro m 1, w e m ay as su m etha七for
any T ∈【p, ∞]a nd any wl ∈ ll, We have Ref(zlr W l)> OI So, in the definitio n ofβ,if
w etake E > 0 sm alle n o ugh, then for a ny r7′ ∈ β and w ∈ ry, w ehave Ref(I - w)･ r7 -
ReT(zl - Wl)＋ ReT(z
′
- W
/
)I r7
′
> 0･ T he nin(4･9), w e c an change七heiⅡ七egra七ion ordre:
1
(27r√耳)n
l
(27r√∃
●
)n
か′/
∞
/5d7'/
By adire c七 c alc山a七ion, w eba 問the n
f
00
e
一 丁(y - a)･り T n
- 1dT
K(3;, 諾 ＋ w)dw
e
- T(a - W)･¶ Tn
- 1dT = (
n - 1)!
∫
/
∞
((I - w)･ T])n
e
T W .n K(x, a ＋ w)dw
e
- T(z - W)･り
T
n - 1dT.
＋ 0((I - w)･ r7)0)
(4･11)
No wfor k - 1,2, - , n, take s m allcir cle s′γk
O
⊂ a ar o und2:k Withpo sitiv e orier[tatio n and
pps e7
o
: - rYI
O
x 72
0
× ･ . ･ × 鳩 ･ Se七七ing
(71 ＋ 71
0
)×(72＋ 72
0
)× ･ ･ ･ ×(ryn ＋ ry:)
- てl
o
x(py2＋ rY2
Q
)× ･ ･ ･ ×(7n ＋7;)- - - (71 ＋ rYI
O
)×(72＋ 72
O
)× - × ry:
＋ - I
＋(- 1)
n - 1
(71 ＋ 71
0
)× 72
O
x ･ ･ ･ × 7:＋ - ＋ ト1)
n ‾ 1
71
0
× - × 瑞 _ 1 ×(ryn ＋ 7:),
w ehave
7 = 71 × ry2 × ' ' ･ × 7n
- ((71 ＋71
O
ト 71
O
)×((72＋ 720 ト 7,o)× ∴ ×((7n ＋ ry: 卜ry:)
- α ＋ ト1)
n
7
o
･
On α,it is e a syto v erifythattheintegral
か′/a K(x, x ･ w,dw/
∞
e
- T'z - -'･n Tn
- 1dT ≡ 0 - odulo 妄oxx x(vk,･
And be c alユSe 比 eintegralか′/0 dw -/eddi｡ dw c o r r espondingtothe holo m orphic
part 0(((I - w)･ T7)0)is - 0, w eha v ethat(4.ll)is equal to
(n - 1)!
(27r√て)n
T he n w ehave
(n - 1)!
(27r√耳)n
(n - 1)!
(27T√巧)n
(n - 1)!
(27rv q)n
/a
io
か′i.
d7
/io
K(a, x ＋ w)
((w - I)･ r])n
K(a, x ＋ w)
((w - I)･ T7)n
K(x, x ＋ w)dw/a
dw
n
dw m odulo ∑ox x x(Vk)･
h= 1
dTl
/
((w - I)･ T7)”
io K(I, I ･ w)dwL
zn
- 1
E
d% ･ -j
z2
- I
E
IO
dn2
(4.12)
((wI - Zl)＋(w/ - Z/)･ T7/)n
l
Be c aus e, s etting u
”
: - (u3, A ･ ･ , un)etc.,
f
z㌻
1
E
l
×
1
((wl - Zl)＋(wI - I/)･ T71)n
l
n - 1 w2 - Z2
1
d†72
((wl - Zl)＋ 警 E＋(w′′ 一 之′′)･り′′)n
‾ 1
1
((wl - Zl)＋(w′′ - a′′)･ り”)n
- 1
a nd七hefir st ter m ofrig払 h and sideisholo m o rphic a七 zl - 0, w ehave七hat(4.12)is equ al
to,by m od ulo ∑;= 10x xx(Vk),
(n - 2)!
(21rJニ‡)ni.
K(x, x ＋ w)
W2
- Z2
dwJ
z
n
- 1
8
d% ･ -1
z
3
- 1
E dq3
((wl 一 之1)＋(w / - I/)･ r7')”
- 1
'
Contin uingthispr o c edure,(4=･12)is equalto, by m odulo ∑芸= 1 0x x x(Vk),
1
(27T√耳)ni.
≡ K(x, x ＋ z)
K(a, x ＋ w) 1
(w2 - Z2)･ ･ ･(w n - Zn)wl - ZI
K(x,y).
dw
(II) Pro ofof(4･10)･
Take apoin tc ∈ M s u ch 七ahtHM(Eo) - Re(c,Eo)･ T he n o n71,the reis apoin L a∈ ryュ S O
thatd - cl ∈温＋ ･ Wede vide
ryl in to七w o parts:
71
＋
ryl
-
71
(zl∈ rYl卜Im(zl - Cl)≧0),
(2:1 ∈ rYIIIm(zl - Cl)< 0),
Tl
＋ =71
-
･
(4.13)
(4･14)
Ifwetake6> 0s male r, we m aytake七w odir e ctio n sp＋ a ndp_ n e ar七hedire ctio n1s o七ha七
s etting
∑十
∑ _
[p＋, ∞[(- (舌p十 ∈ Cl舌> 0)), (4･15)
[p l ∞[(- (tp_ ∈ Cl七> 0), (4･16)
we ha v eRe zl ･ T > Re el ･ T - H M(TEo)for a ny zl ∈ 71
j=
,
T ∈ ∑土 ･ We m ay a s s um e七ha七
Ip.I -I山a nds o withrl > r, - 1 ≪ 0_ < 0 < 0. ≪ 1,p. - rleJ
qO＋
,p _ - rle
√ 礼
･ set
∑o :- (γ1eβ1♂_ < ∂ < β＋)and
∑:- ∑o ∪∑＋ u ∑ _ .
Putting l′
′
:- 72 × - ･ × 7n , n ow (4.10)is equal to
∑
i=j=
1
(27T√巧)n
1
(27T√:了)n
Lx7′ eZ
.ぞdz/Bd7//:ie - - Tれ
‾ 1p(x, Tn)dT
岩上i T
n ‾ 1dTi,dz′/aP'T, T7ld7)/壬e
‾ z ''Tn -E'dzl ･
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(4.17)
Ifw e cin sider by m odulo N
M(f7),thisis als o equ al 七o
1
(27TJq)n
l
(27T√:I)n
Her ewe have
and we ha v e
i=;JEiT
n ‾ 1 dTiJdz'/aP(x , Tn'dn'Le 柵 'dzl
iSJEiT
n - 1 dTiJdz//5P'x, Tn)e ‾ Z
'
''Tn/ - <''dり
′Ae - zl.'T -El)dzl
(4.18)
/1- e
- El'(T
‾ El)dzl - ト
1
T - El
e
‾ zl(T ｢亡1)〕;王≡望
1 1
㌻二言
e
- a(T -El)
-
㌻石
e
- a(T -El)
/Ei dTf′dz′/B
P(x, T r])
T - El
T
n ‾ 1
e
- a(丁 < 1)- Z''(Tり′ ‾ E')dd∈ N M(∩).
T hisis sa m efわri - ＋, s obythe Ca u chy in tegr alform ula wi th w eigh , w ehavetha七 m odulo
NM(∩),(4.18)is equalto
1
(27T√了)n
1
(27rv q)n
El
m
- 1
i/ez
/
fT, eZ
'
(27Tv q)n
- 1
Thisla s七is equ al七o
ET
‾ 1
(27TV q)n
- 1
i,
e
′
dz′/a dq
'
E
′
dz/
dz
/
in dznf
an
- l
e
/a
/a
/E. ～ 恥 ∑ _
P(x,T r7)Tn
- 1
T - El
e
- a(T - El)e
- T Z
/
.刀
/
dT
(27rJq)p(x, 如)E㌢
‾ 1
e< 1 Z
/
●叩
′
dT7
′
p(x, 如)e
- z
'
'(如 ′ イ)d7
'
.
e
-
zn(如 n - gn)dr7n - ･i2dz2L
z
2
I I
E
e
‾ z2(如 2 - e2)p(a,Elr7)dT72.
(4.19)
Bec a u s eP(a,i)is holo m orphic o nthe c o nic n eighbo u rho od ∩(r)ofp - (xo,Eo) and T]: -
(1,0,: - ,0),taking E > 0s m al e n o ughs otha七0 < b･r73･l≪ 1(for2i3
'
く n), thefu n ctio n
P(x,EIT7) - P(x;El,EIT72, - ,Elr7n)isholo m orphic at吋 - 0･ T he n setting77′′ :- (恥 , - ,rln),
(4･19)is equ al･to
(
El
27r√:了
×(
El
或n
27Tv q
e
z-En dznI
i2eZ2そ2 dz2
zn
- 1
e
I
e
‾ znElqn d7n) -
z㌻
1
E
e
～ z2 如 2P(x,El,Elr12,Elr7
′′
)dr72). (4.20)
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T he change ofvariable 入 :- z2Elr72 give s
El
27｢√=了
1
27TJq
1
27T√:耳
i2eE2E2 dz2L
z2
- 1
e
i,ez2E2 dz2f
ile
f
ete
e
一 入 d入i2
1
e
-
z2< m p(I,El, 如2,EIT7
′′
)dn2
f=p(x,El,A,Eld/)d 入
Z2 Z2
P(x,El,宏, 帥 ′)
Z2
Z2
opo si七e dire c七io n七o 72 and包: ニ ー 72
1 1
,
thisis equ alto
e
E2包 dz2.
J
l
: - (w21孟 ∈ py2)with theIfw e m akethe ch ange ofv a riable w2 :- ＋ and s et a circle ry;
1
27rv q
l
27T√:て
1
2了r√=了
f
et e
e
一 入d入i2M I W 2P(x,El,入w2,Eln”)e蔑瑠)
f
ete
e
一 入 d入i2
P(x,El,入w2,Elr]′′)
W2
妄普f
如
e
一 入 d入i2
蔓碧w2- idw2
P(x,El,入w2, 如′′)
Ⅶ㌢1
- 妄f
EIE
e瑠 璃 p(xll,0,Eld/,d入
㍗ag2P(x,El,0, 如 ′′)
- 冒 (iT.)2 E茎f
EIE
Be c a u s e, bytheintegr atio n sby parts, w eha v e
equ alto
-;
ai2P(a,El,0,EIT7′′)
i!
入甘e
一 入 d入.
I
E茎
Elf
dw2
入
i
e
一 入
dl≡ i! m odulo NM(”),thisis
- P(x,El,E2ト 如
′′
).
Repeatingthis pr o c edure, finaly we have(4.20)is equ al 七o P(3;,i) m odulo N
M
(∩),this
pr o v e sthe(4･10)･ At the e nd ofthis s e ctio n, w e s e ethe c o mpo si七i?n oftw o n o n-lo cal
ps e udo-difFe r e n七ialopera七o r sin 七er m s oftheir symbols,七ha七is
Pr opositio n4 A. (The H b
'
rm a nder-Leibnizfo r m ula)Le舌 Ml, M2 ⊂ X be 舌w o c o mpac舌 c o n-
v e x s ets, rl, ･ ･ ･ ,rn Clo s ed c o nic s ets deBned in (3･10)-(3･11)fo r s o me 6 > 0 a nd D a
(zn冨= 1(rk＋Ml),Zn== 1(rk＋M2)
- ro u nd ope n s et withrespe ct io(Ml, M2)･ Then fo r a ny P ∈
どMl(rl, - ,rn;D ＋ M2) a nd anyQ ∈ EM2(rl, - ,rn;D), there e xist re spec如 e symbols
c'(p)(x,i) - P(x,i)∈ S
Ml(nl ＋(M2 ×(0)) and ♂(Q)(x,i) - Q(x,i)∈ S
M2(n2), Such
tha舌 w ehavethefolo wingfor m ula which isin SMl＋ M2(nl nn2)and c o n v e rging c o mpa ctly
in nl nr之2:
J(Q｡ P) - ∑去aEaQ(x,ど)･ aTaP(xl)･
α ∈Zn＋
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(4･21)
Pro of･ We willw o rk in the pre c eding n o七a七io n s･ We may a ss ll m er之1 - 02 ≡ : ∩. Let
L(?,y)dy ∈ Oi
o汲(v2)anやK(x,y)a.y ∈ Oh
o
;
n
k(vl)be, r espe ctively, a ke r n el ｡fP and Q
(V甘 being asbefore n;= 1Vht W here Vk8 is defined by rk, Mi(i - 1,2)and D or D ＋ M2 in
(3･12)-(31 3))･ Bythe Definitio n313, w e m aytake anin tegralpat h入 a s s a m etype as7but
for rk ＋ M2 Whe r e7 C OrreSPOnds七o rk 十 Ml ＋ M2･ Then w ehave m odulo NMl＋ M2(∩)
♂(Q｡ P)(x,i) - ∫ez
･edzIL(x, w)K(w , x ＋ I)dw
- /L(x, w)dw/.( 叫 e'u '- - a'･EK(w , w I u)du
- /e(-
- x''EL(x ”)dw/eu･EK(w , w ･ u)du
iev'EL(x,x ＋ v)P(x ＋ ”,i)dv
芸去ac
a
p'xl)iev
'E
v
a L'x, x ･ ”)dv
芸去ac
ap'xl)/ev'EvaL'x, x ･ v'dv
芸去ax
ap'x, 哨/ev
'EL'T, X ･ v'dv
宝去aE
aQ'xj)･ a=P'xj)I
Re mark ･ In七he c as e ofl c alps e-1do-differ entialoperato r s) the Pr opo sitio n4･3 w a spr o v ed
by[Kat](forthis, s e eals o[A5])･ For any P,Q,the Leibniz- H 6r m ander fom ulais nottru e,
in general) for a nytheir symbols) bu七is onlytr止e for s o m especialsymbols, c or re spo nding
七o P
,Q･ In 七hefr a m e w o rk of thefo r m alsymbols, w e c an es七ablish the Leib miz- H 6rm ande r
formulafor a ny symbols(se ethe Pr oposition 6･11).
5 No n-lo c al mic r o-diffe r e ntialope r a七ors a nd n o n-lo c al
diffe r e nti alope r ato r s
lnthe cir c um stan c e ofthe Defimi tio n3.4, w eimpos efurther a s s umi io n on Z. LetZ ⊂ X x X
be aproper ordering withc o mpa ct c o nve x s uppo r七 M ･ As wellasX,the spa c eX x X ha s
the a ctio n ofCx defin edbyc ･(x,y): - (c ･ x,c ･ y)for c ∈ Cx and(x,y)∈ X x X . An a c七io n
by cis saied七obe arotaiio niflcl- 1. A s e七in X orX x X is s aiedtobe ofReinha rdt ifit
isin v aria n七by a ny r otatio n.
Definitio n5･1･ Let Z beinva riantby rotatio n si･e ･ ofRein hard七･ For a ny ofs u ch Z a nd
Z-ro undope n s etD, w e cal a ny P ∈ f(Z;D)a non-localmic r o-di#ere niialoperato rde丘n ed
n e ar七he dir e ctionEo a ndcar riedby七he c o mpa ct c o nvex s e七A4
'
.
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Bythe s am e w ay, w e de丘n e七he a- a･c七ion o nX x X ･ The lthe o ry ofn o n-1o calope ra七or
will be w ell-developped onlyglob al 1yin s o m e s e n s e ands o w ewilltre at m ainlythe ca seof
D = Cn . In this ca s e
Definition 5･2･ For properorderings Zo, Zl, Z2 Withsupport in M s u ch that Zlis of Rein-
hard七and Z2isinv ariant by any c ∈a:withlcli1. We wi ll den ote
f
及
(zo): - ど(Zo;C
n
), (5.1)
f∞(Zl):- ど(Zl;Cn), (5.2)
Inthe situ atio n of(3･9), de n oting a : - (r
l
l,r2, ･ ･ ･ ,rN)forthe simplicity, w e wil de n ote
環(a)- 鵠(rl,r2, ･ ･ ･ ,rN):- EM(rl, r2, - ,rN;Cn)
(c･f･ (3･5))and
fM
W
(a)千 EM
u
(rl,r2, ･ ･ ･ ,rN): - fM(rl,r2, - , rN;a:
n
)
ifa nyrjis of Reinhard七･
(5.3)
(5･4)
We r e m a rktha七if Ml ⊂ M2, e Vide n七1y鴇1(a)⊂ 硯迄(a)and fMul(a)⊂ fMm2(a)･
In 七his s e ctio n, fo r a ny a?n
-1o c al micr odifFere n七ialoper a七o rP ∈ EM
u(rl,r2, ･ - ,I
'
n)
wher ee a ch rk ar e, aSin(3･10)-(3･11), of七he for m
rl :- (z ∈ XIzl ≠0), (5.5)
r
,
･ - r
,
I
,
6 :- (z ∈ XI6Iz,･l<JzIEl (2くjくn) (5.6)
with 6> 0, w ewi llcalc ulate e xplicitly(4･8)･ Le tK(x,y)dybe ake r n elofP. By七he s am e
r e a s oming a s[S- K - K], r e m arktha七in this ca s e, K c anbe e軍pa ndedintothe s erie s:
K(x ,y) - ∑ aα(x)礼(x - y)
α -(α1,α2 {- ,a n)∈Zn ,α2,･ - ,a n>O
wher e◎α(I)isdefin edin[S- K - K],p. 337a sfollow s:fo rI/ ∈ A,
｢ 1 ヱノ!
◎〝(T):-
27T√=了トT)v＋1
1 T
- レ ー 1
27rV q 卜u - 1)!
(- 1n 丁
- ” - 1
(∑
q- 1
1
q
〃 ≧0,
7))u < 0
(5･7)
(5･8)
and ◎α(I):- ◎α1(zl)･ . I 車an(.zn),(wher e7istheRuler n u mber). Inthis c ase, s eセセheform al
power s e rie s
(>〇
P(x,i) - ∑ aα(a)Eα - ∑ Pi(x,i) (5･9)
α -(α1 ,α2,･ - ,α n)∈Zn,α2 , - ,α れ >0 甘= ー ∞
a nd c al theform alserie s(5･9)thefor malsymbolofa n o n-lo c al micr o- differ e ntialope r ator
p ∈ f創rlっr2っ - , rn), Whe r ew e po s ed Pi(x,i):- ∑1al-iaα(x)E
α
, the
”ho m
.
oge n e o u s
pa r七
”
ofdegr e ei in the v a riableE･ We e mphasiz etha七the n egative pa rt(i.e . 乞 < 0)of
for m al symbol is n ot a tr u e symboldefin edin the Pr opositio n4.2. In fa ct, the fo r mal
symboldo e snot c o nve rgefori< 0, inge n eral,
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npr opo sitio n513･ Let ”(i)- ∑ト1)n l lEkdEl ∧ - ∧dEk - 1 ∧dEk'1 ∧ - ∧den be the Leray
た= 1
fo r m(see[L3]). Thenfor a n o n-lo c al mic ro -diHe rential operato rP ∈ fM
CX 3(rl, r2, - ,rn),
(de n otingfo rthe simplicity I ‥- y - x), a kern el K(x,y)ofP is giv en by
云
i- - n＋1
云
1
(27T√:i)n
1
甘≦土(27r√て)”
/ppi(x,ど)
/pPi(T,i)
(n ＋i - 1)!
(I ･i)n ＋i
ト1)
-(n ‾ i)
ド(n - i))!
”(i)Iz= y - S
(I ･i)
‾(n - i)ト1n(I ･E))LJ(i)lz= y _ ∬ (5.10)
whe rethe(n - 1)- chain βisjust t
～
heβin ike inhorT Wge n eOu S C O O rdin aie り′ :- i//El: β: -
(i - (El,E
′
)IEl≠0,7
'
: - E//El ∈β)I
pro of. By(5.7)and(5･9),i七shEic es七o provethe Pr opo sition in the c a s ewher eK(x,y) -
◎a(x - y) ands oi(x,i) - E
α
･ T he ndire ct c alcula七io n s show s(5･10)･
The operation of Po n aholo m orphicfun ctio n,(3･15),is giv ebythefollowingform ula:
ロ
Cor ollary5.4. (c･f･ Ste r nin a nd Shatalo v[S-S], p･ B8B)･ Se舌r ‥ - nl<た<n rk･ Lei” ⊂ X be
ar - ope n s et. The nfor a nyI(x)∈ Ox(u ＋ M), ike actio n ofihe micro-diMerentialope r ato r
P o nfis gibe nby
Pf(ir)
1
(2汀√耳)n
l
(27T√7)n
l
(2汀 v q)n
l
(27TJq)n
i=;.1/H訂 Pi(x,i)
i=fJHxBi(Tj)
i=;.1上
(n ＋i - 1)!
((y - a)Ii)n＋i
(- 1)
-(n - i)
(-(n - i))!
I(y)LJ(i)∧dy
((y - x)Ii)
-(n - i)1n(
(n ＋i - 1)!Res[Pi(x,i)
i星上 納 )(
- 1)
‾(n - i)
.(-(n - i)I
I(y)
((y - x)･E)n＋i
1
(y - x)･E
”(i)∧dy]
((y - x)Ii)
-(n - i)lm(
1
(y - x)･E
)I(y)LJ(i)∧dy
)i(y)”(i)∧dy
(5･11)
whe r eHT isthe Le r ay
'
s cycle dejin edin[L 3],p･1 50, n
o 54, n otatio n a nd h∬ isikeho m olo9y
cla s s s othatw eha v e6 hx - Ha with6the Le r ay c obo u ndary ope r ato r. And he reRes m e a n s
仇e re sidue.
As a spe cial ty pe ofR o n
-lo cal micr o-differe ntialoper ator) w ede丘n ethe n on -lo c aldiffe r-
e血ialoper ator:
Definitio n5.5. Wedefin ethe spa c e of n o n-lo c aldiuer entialope r ato rs c a rried by M
D
l
u
W(C
n
):- HAH .M(X x X ,Ok
o･
x
nk)･ (5･12)
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7)蒜(Cn)isjus七the Ro n-1ocalmicro- di鮎r en七ialopera七o r shaving o nlythe positiveinde x
partsin(5･7):
Propo sitio n5･6･ We ha v ethefollo wing can o nical ide nt析caiion:
D蒜(C:
n
)巴 (P ∈f蒜(rl, r2, ･ ･ ･ ,rn) i P ha stheke r n el ofthefor m
K(x,y)dy - ∑ aα(x)鮎(x - y)dy)･ (5･13)
α>0
6 In v e r七ibili七y of a mo m-lo c al ps e udo - difre r e n七i alope r-
a七o r
Ex a mple . Le七 n - l and D ‥- 孟･ ･For adiffere n c e operato rP - eD ∈ 野)(C)with
shift 1,
”七he in v er s eshift
”
P
‾ 1
: - e
‾ D is evide ntly c o Ⅱtained in DFI l)(C)a nd w ehav･e
e
D
｡ e
‾ D
- e
- D
o e
D
- idDf?o)(a)
- idD -(a)･ We re markhere(1)＋(- 1) - (0)･ We n ote
als o打(P) - ee ∈ S(
1)
,
cr(p
- 1
) - e
- i ∈ s(
- 1) a nd q(e
D
｡ e
‾ D
) - eee
‾ e
- 1 ∈ S(
OI
Definitio n6.1. Le七 0 ⊂ r*X be a n ope n c omic s et, M ⊂ X a c o mpa c七 c o n v e x se七 and
P(x,i)∈ S
M(∩)a symbolon r之･ Suppos easinthe De怠nitio n4.1, P(a,i)∈ Ox(n(r))with
r >0･ Any pointp ∈ ∩is s aid 七obe ”o nM - cha r a c舌e ristic withr e spe ct 七othe c or r e spo nding
n o n-1ocalps e udo-difFer e ntialoperator P c arried by M , o rP is n on M - cha r a cte ristic a七p,if
ther e e xis七 an ope n c o nic n eighbourho od n′ ⊂ flofp andr' > r s othat w eha v e:
for any E > 0, the r e e xists CE > 0s u chthat
IP(a,i)Ia CEeHM(i)
- E[El (for every(x,i)∈ n
I
(r
/
)),
Ca rM(p) :- ∩(r)＼(q∈ o(r)IP is n o nM -cha r a cte ristic atq),
Ca増(P) :- ((x,E∞)∈ X x S慧
‾ 1
I(a;,i)∈ Car
M
(p)i.
We s et
(6.1)
(6･2)
Apointq∈ ∩(r)is als os aid七obe M - char a c舌erisiic withr e spe ct to Pifq ∈ Car
M(p).
In 七his s e ctio n, w e willstudythein v er七ibility ofa n o n-1ocalpseudo- difer e ntialoperator.
Rem a rk . We r e m ark tha七ifp - (x,i)is n o nM -char a cteristic with r e spe c七七o P, the n
the r e exists a n ope n c onic n eighbou rho od n' ⊂ n ofpsllCh that
1
P(訂,i)
1
str o ngly,thereis r
/
' r s otha七
不朽
∈ Ox(n
/
(r
/
))and w eha v e:
fo r a ny c o nic s e七n
′′ 虐 n′, a ny r
′′
> r
/
and any E > 0,
there e xists C6 > 0sllChthat
1
lP(x,i)I
く CEe
I- M(i)'E(fl(for e v ery (x,i)∈ n
′′
[r
′′
]).
In fa ct
,
wehave - H M(E)- I_ M(i)(く H _ M(i)).
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∈ s
- M
(n
′
). More
(6.3)
T he pu rpo s e ofthis s ectio nisthe fo 1lo wlngthe ore m:
T he or e m6.2. Le舌 M ⊂ X be aco mpa ctco n v ex S et, ∩ ⊂ r X a c o nic open s et oftheform
Cn x LJ Witha n ope n co ne LJWithv e rle x at 0a nd P(x,i)∈ SM(∩)a symbolsatisfying(4.1)
fo r a nyO′ ⊂ ∩ oftheform Cn x w
'
withLJ′ 毎 w . Suppo s etha舌the c orr espo nding nO n-lo c al
pseudo-diHer e ntialope rato rP c aルiedby M is no n M - chara c舌e ristic o nn･ Then the reis a
non -lo calps e udo- di#eren舌ialope r ator, de n otedbyP
‾ 1 deBn ed on Cn x iJI Witha n ope n c o n e
LJl (∈ 〟 and c a r riedby(- M)such tha舌 w eha v eP ｡ P
‾ 1
- p
‾ 1 ｡ p - idwith theide ntity
operato rid ofthe spa c e ofn o n-lo calps e udo-diHere ntial ope rato rs c a r riedby ike c o mpac舌
con vex S e舌 M - M .
We wilpro v ethe T he o r e m u singthe m ethod of the symbolcalc ulu sdevelopped by T.
Aoki in [Alト【A3]. Fo rthis plⅡPO S e, W efirs七in七r odu c e七he form al symbols･ (Recal l the
notatio n sinthe Defimi tio n4･1):
Definition 6.3. (c.f. Aoki[A2])Let M ⊂ X be a c o mpa c七 c o n v ex s et and ∩⊂ r Xa c o nic
ope n s et･
SM(∩)
and
NM(∩)
OQ
(p(i;x,i) - ∑七uPu(T,i)Ithere exists r> 0 s u chthat
〝 =O
Py(3:,i)∈ 0(∩((i, ＋1)r)) (∀z, ∈ Z＋) and w eha v ethefollo wing:
for a ny c onic s et n
J
cc o, ther e e xis七d> r a nd A > O with O < A < 1
s u ch tha七for a ny E > 0, ther e e xists CE > 0s othat w e have
lPu(x,i)Iく CEAレeH M(i)＋EleJ
(for e v e ry u >0 a nd any (a,i)∈ 0
′
[(u ＋1)d])) (6.4)
0 0
(p(柵 E)- ∑七”Pv(x,i)∈SM(n)IPu(x,i)being ∈ 0(∩((u ＋1)r)),
z/ =O
for any q- (y,叩)∈ ∩(r), there e xist a c omic n eighbo u rho odn
′
宅 O ofq,
d> r a nd A> O wi七h0< A < 1s u ch 七hat we ha v e七he c o ndi七ion
oく 〃 : - HM( 州 卜IM(Mnl)< 一等
and
for any a: > 0, ther e exists CE > 0s othat w eha v e
m - 1
1∑pu(T,i)li CEAm eH ”(i)'EI引
z/= 0
(for e v ery m a1 a nda ny (x,i)∈f7
/
[md]))･
(6.5)
(6.6)
we c ana ny p(舌;x,i)∈SM(∩)afo r m alsymbola ndP(舌;x,i)∈ N
M(∩)afo r m aln utsymbol･
we r e m arktha七in the case of M - (0), w eha v ei(o)(∩)- 含(∩)a ndN(
o†(∩)- N(∩)
(s eeAoki[A2]). We m ay c a n o nical1y e mbed S
M(∩)intoS
M
(∩)‥
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Pr opo sitio n6･4. We ha v eike n atu r ale mbedding
P(a ,i)巾【P(I,i)＋0舌＋0舌
2
＋ - ]:sM(∩) 叫 S
M
(∩).
Le m m a6･5･ Let Pu(x ,i)∈ 0(0(r))
■be asequ e n ce satisfyingthefollo wing co ndition:
For any c onic s e七 f7
/
雇 0, r
'
> r
,
there e xists B > 0
s u ch 七hatfor any E > 0, there e xists C8 > 0 s otha七 w eha ve
)pu(xl)lく G欝eHM'E''El<Z
(for e v e ry ” >0 a nd a ny (x,i)∈ n
/
[r
/
]), (6.7)
then w eha v e
(X)
p(i;x,i)･･ - ∑t?Pv(x,i)∈9
M
(n)･
u =O
pr o of. Set d:- m a x(r,B) an
､
d A: - B/d. Be c a u s e o nfY[(u ＋1)d], w eha v eI引>(u ＋1)d,
thereis a/ > 0s othat w eha v e
EPy(I,i)I < C6
〝!
(u ＋1)”
(計eHM'<''elfl
く C
/
A”eH M(i)＋
E[El
Pr opo sitio n6.6･ We ha v e
sM(o)∩舟
M
(∩)- N
M
(∩).
Pro of. Le七q - (y,r7)∈ ∩befix ed andtake a s mallconic n eighbou rho od n
′
cc ∩ ofq, which
winbe chos e nlater.
(i). Let 七ake a ny P(x,i)∈S
M(∩)nN
M
(n)I Takinga s mal1c omic n eighbo u rho odn
'
直 n
ofq,七he nther e e xistd > r a nd A > 0 with 0< A < l and” :- HM(り/Ir71)- fM(T7/[r71)<
- 1nA/ds u ch 七hatfor any E > 0, w e c an七ake CE > 0 s othat
lP(x,i)I蛋 CEA
m
e
H M(i)'eleI (for e v ery m >l and (x,i)∈ n
/
[md])･
Fo r a ny El > 0,ifw e七ake O
'
sm allen o ugh, w e m ay a ss um e七hat w ehave HM(i)く JM(i)＋
FLIEI＋ ElE卜 Le七take a ny r
' > a a nd a ny(x,i)∈ O
'[r/]･ Take als o6 > 0 withO < 6 <
- 1nA/d･ p･ We s et E. :ニ ー(6＋誓p卜 El , 0･ Take - : - [ 胴 払rE wi th[･ 仲
Ga u s s
'
n ota七io n. Then we have(a(m ＋1)>)IEl≧ md a nds o(x,i)∈ n
/[md]L We have
IP(x,i)lく C6A
m
,
e xp(HM(E)＋6IEI)
- C6e Xp(mln A＋ HM(i)＋61EI)
" 6eXP((響- 1)1n A＋ HM(i) 州 )
く C8e
‾ 1n A
exp((6＋1n A/d＋ pEl)lE[＋IM(i))
- c6A
- 1
exp(- EoLEI＋IM(E))･
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T his me a n sP(a,i)∈ N M(∩).
(ii)I Co n v er s ely,let P(I,i)∈ N M(f?) and any m a 1･ T he nfo ra ny d ' r wi th da1,ther e exist eo > 0, C > Os u chthat 0< eo < l and
lP(3=,E)lく CeIM(Eト EoIE( on fy[d].
LetEl > 0be 0 < El < Eo･ Asin (i),takingn′ s m alle n o ugh, w e m ay a ss u m etha七 we ha v e
IM(i)く HM(i) - pffJ＋ ElELSet A' :- e
- Eo＋El - ” < 1 a nd A :- (A
/
)a(< 1),the niもis e a sy
七o s e eA sa七is丘es七he c onditio n(6･5)･ Fo r any(x,E)∈ n′[md](s oJEla md), w ehave
lP(甲,i)1く Ce
H M(i)(A
′
)1Elく CeH M(e)(A
′
)
m d
= c Am eH M(E)
andtlms we have P(T,i)∈NM(f?)･ 口
Bythe Propo sitio n s6 Aa nd 6･6, we ha v ethe n atu r al inje ctio n:
L:SM(f7)/N
M
(n)→ SM(∩)/NM(t2).
Infa ct
,
iis ”bijective
” in thefollo w ing S e n s e:
(6･8)
Propo sitio n6･71 Fo r a nyfo rm alsymbolP(i;a,i) - ∑?= .舌ンpy(x,i)∈9M(f?), the re e xist a
c o nic ope n n eighbo u rho od n
′
雇 O ofp a nd a symbolP(x,E)∈ SM(n′)su chthatw ehave
P(舌;x,i) - P(x,i)∈N
M
(n
′
).
Pr o of･ We w o rk io n七he situ atio n s ofthe Pr opdsitio n4･3 andthe Definitio n6･3: Setfor a ny
〟)
Kv(x,y): -
1
(27r√=了)nかJ/u
W
. 2)a
e
一 丁( 叫 n - 1py(x7 TE)dT
wher eβbeingdefin edin the Pr opo sitio n4.3 by(4.8) andset
Pv(a,i)‥ -∫ez'EKv(a, I ＋ I)dz
wher e7being asin(4･4)･ Bythe Propo sitio n s4･3 and竺･2, thereis ac omic ope n neighbo u r-
ho od f7/雫f?ofp,indepe nde nt of”, s u chtha七 w ehave Pv(a,i)∈ SM(n
′
) andfor a ny r > 0,
w eha v ePu(3;7E)∈ 0(0/[r])･ We s e e easilythat(w e m ay as s u m e)for a ny E > 0,there exists
a > 0s uch thatfo rany i/, W ehe v e
I見(x,i)lく C AueH M(E)'EfE[ (∀(x,E)∈fy[r])
withA beings a m eforPv(a,i)appe a r edin(6 A)I The nthe s eries∑?=.氏(a,i)is abs olutely
andc o mpa ctlyc o n v erge nt o nn
'[r]
.
a nd thu sdefin es a symbolP(x,E)∈ SM(I?
′
)‥in fact, we
have
∞
∑ 伽 ,E)lく丁㌔eHM'E''E'E' (v(x,E)∈ n/[r])･
z/ = 0
C
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And
,
bythe s am e w ay, we have
m - 1
1P(x,ど) - ∑Py(xl)1く ㌫A- eH -(i,･Ef引 (∀(a,i)∈ 叫)
〝= O
a ndthis m e a ns
∞
p(x,Eト ∑ 鴫(x,E)∈NM(n′).
レ =O
We n ote als o, by(4･10),for any I/
Pu(I,i)… 見(x,i) modulo N M(f7]).
Mo r epre cis ely, bytheproof of(4･10), w e c a npr o v e e a sily
lPv(x,Eト 見(x,i)Lく C AueIM(EトEoIEI
wi ths o m e Eo > 0 independe n七 of” . Thu s w e c o n clude
くX ) く)0
∑typu(x,Eト ∑ 鴫(x,E)∈NM(n′)
v- 0 v = o
and w eha v efin ally
く) 0
p(x,E) - ∑舌uPu(x,i)∈ NM(n′).
z/= 0
T hefollo wingLe m m ais e asyto pro ve:
Le mm a6･8･ (1). Let P - P(x,i)∈ SM(I?)be s aiisPed P(a,i)∈ 0(I?(r)).
(a)･ Fo r anyO′ cc ∩,r/ > r a ndE , 0,there e xists a > 0s u ch thaiw eha vethefol owing:for a nyn′′ 雇 n′ andr′′ > rJ, the reis6 > 0indepe nde nt off so ihatfo re v ery α,β ∈ zn＋,
w eha v e
la<
aa
:
Pp(a,i)Iく C
α!β!
馴α 伽 ＋P(
e
HM(e)'el引 (∀(x,E)∈ n′
′
[r
′′
]).
(b)･ IfP ∈ NM(I?), the nfor a nyn′ 辱 n a nd r' > r, the re e xisis E. > 0 and C > 0s uch
thatw eha v ethefollo wing:for anyn′′ 匡 n′ a ndr′′ > r/, the reis6 > 0 indepe nde n士 ofP s o
that90 r ev e ry α,β ∈ Zn＋ , w eha v e
faE
a
a
x
Pp(I,E)(く C
α!β!
即α 伽 ＋βl
e
IM(Eト EOJEl (∀(T,i)∈ n′′[r
′′
]).
(2)I Le舌P - P(i;x,i) - ∑?= .iuPu(x,i)∈3M(∩)be a sinike DeBnitio n6.4 withike sam e
f7/
,
r > 0
,
d > 0
,0 < A < 1.
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(a)･ Fo r any E > 0, there e xists C > 0 su ch thatw ehave thefol owin9:fo r a ny∩′′ cc n′
andd' > a
,
the reis6> 0 independe nt ofP so thai90r eve ry α ,β∈ Z芋′ w ehavefo rany ”
JaE
aa
T
Ppy(x,i)Lく C
α!β!A”
,ElfαJ6Ja＋β1
e
H M(i)'柑 (∀(x,E)∈ n”[(u ＋1)a
/
]).
(b)･ IfP ∈ NM(n)satisBes(6･5)and(6･6)withs a y?aq,0
/
,d > r,A andp' the nfo rany
E > 0
,
there e xists a > 0s uchthai w eha v ethefollo w m9:fo r a nyf7′′ 雇 n′ a ndd′ > d, thereis6 >0indepe nde nt ofP so that90r every α'β∈ Zn＋, w e havefo r any m a1
m
J∑ギacPpu(x,i)Jく C
〃= O
We n e edthefolowingLe m m a :
α!β!A m
J引棚Ia＋β(
e
H M(i)'61el (∀(x,i)∈fy'[md
'
]).
L9m m a6･9･ Let P - P(i,･ x,ぞ) - ∑?- otupv(a,∈) ∈ SM(”)･ Fo r a nn x n-
.
m athx with
co mple x co mpo n e nts L - (ai,,･)1<i, ･ l,n ∈ M a舌n xn(a), we c o n side rthefolow m9 c o n sta nt
c oeBicie nts ”fo rm al diHere niialope r ato r”
E : - et
*aE
'L.ac
:-
B =(慕zヂ 紬 ai7jaEiaC31)
Pi,3'
i
,i- 1
Then E operate s o np by
∞
q(E ｡ P) 触古):- ∑ ∑基氏(ai,,･aEi亀3･)Pi･31Pu(xl)
l- 0 u十IBI-I i, - 1
whichis w el -dePn edinSM(∩)･ Fu rthe r mo re, ifP(舌;£,i)∈NM(”), the n w eha v eq(Bop)∈NM(fl).
Pro of･ We s uppo s ethatP satisfiesthe c o nditio n sof(6A)in the Definiti.n 6.3 withthe sa m e
c ons七ants ordo m ains appe ar edther e･ Let 七ake a nyn
′
宅 n a nds e七b ･･ - m axfai,3･卜The n,bythepre c edingLe Ⅱ 皿 a7(u singthe c onsta Ⅱ七s of the Lem m a), w ehav e, for a ny O′′ 毎 n′ a nd
dI > d there e xists6> 0suchthatfor any m ao,
I(ai,jafiaC,･)
m Pv(a,E)[くb
m
laE?鍔Pu(a,E)Iくbm C
22
(m!)2Au
fEfm62m
e
HM(i)＋el引
fo amy(x,i)∈f7”[(u ＋1)a/]･ Thu s w eha v e o nf7[(l＋1)d,],
n
∑ 孟m(ai,jaEi亀,･)Pi･3' Pu(x,E)l
i,＋JBr-I i,i- 1
1
く
<
<
i
∑ bLBIc
〝＋1月l-～
lBl!A〝
馴B‡62JBZ
l
e
H ”(f)＋柑 く Ce
H M(i)＋EIEf∑2ト 叫 2n'1
u= 0
1
22n '1ceH ”(E)'EIEIAl∑(
L/ =O
1
22n' 1ceH ”(E)'elEJAl∑(
2b(i - ”)
は162A
2bz/
)
ト レ
)
”
た言
＼
(i,＋1)d
'62A
22n '1ceH”'f''E'EJAl≡(義)v ･
〃= 0
2b
w e s e e打(B o p)∈ NM(s7).
bl
‾
〝(i - i/)!Au
JELL
- y62(I- 〟)
Takingd
l bigger, w e c o n clude g(E ｡ P)∈3M(o)･ By七he s a m e w ay'if P(i;a,i)∈ NM(∩),. , , 〈 【 〈 〈 _ / ロ _ n ＼ .r 7L^ r /′ ヽ ヽ
口
Asa n n o u n c ed bfore(Re m arkofthe e nd ofthe s e ctio n4), n o w w e statethef.rm ulaf. rthe
･c o mposi七io n of tw o n o n-lo c alps e udo- differ e n七ialope r ato r sinterm s of七heirformalsymbols】tha七is :
pr opo sitio n6･10･ (Leibniz- Hb
･
r ma
L
nde r)Let Ml, M2 ⊂ X be tw o compa ct c o n v e xsets a nd
rl, - 7 rn Clo s ed co nic s ets deBn edin(3.10)-(3.ll)for s o m e nu mbe r6 > 0. LeiD be a
(zn;= 1(rk. Ml),Zn冨= 1(rk十 M2) - ro und ope n s et with respe ct io(Ml, M2). T hen fo , any P ∈
S”Mll''
r
O
l
l
,
'
i
●
'
,S2n;x
D
{:}H2まnadng(?x?i,
E&
;2'sTk2
'
(㌫2
7
,Tn;e?p'ecTi%;ehJ
o -
w
a
e
l
c
s
o
y
n?fdOis,;h'et;,T]oEr'm a
E
l
diHer mtial oper ato r”
e
taE
'8y :-
aSn.誓aE
aa
y
a
･
The nike symbolofthe c o mpo sitio n ope r ato rQo Pisgiv e nby
e
t8E
,ayQ'tp 7E'P'i -'fy- T,”-i: -霊芝aE
aQ(i,･ xl,axaP(tp 7E,I (6･9)
Pro of･ Se七 M :- Ml ＋ M2･ We m ay a s s u me nl - n2 - :n･ Bythepre c edingLe m m a,
e
t8E
'a
yQ(ip ,E'P(i; y,n'fy- x,” -i: -墓誓 - - 諾,ど)
is w ell-defin edin SM(I?)･ Bythe Pr opositio n6･7, w e may as s un e七hat there are symbols
p(x,i)∈ SMl(0 ＋(M2 ×(0)))andQ(r,E)∈ SM2(0)definings ame ope r ato rsasp(i;x,i)
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a nd Q(舌;x,i)ile ･ operato r sP andQ, r espectively, s u ch 七hat w e ha v e
t]α
q(Q ｡ P)(x,i) - ∑岩aEaQ(x ,f)a=xaP(x,i) etaE
.8yQ(x,i)P(y,”)Iy= =,n =E.
α ∈21n＋
Be c a u s ewe have e a sily
Q(i,･ x,i)P(i;y,叩卜 Q(I,i)P(y,り)∈ N
M2× Ml(I?×(0 ＋(M2 ×(0)))),
by七heLe m m a6･1 0, w e obt ainthe desired formula(6.9). 口
We re c alla The ore mdu eto Aoki([Al], The o r e m3.3.1)I.
The o r e m6･11･ ([Al])Suppo s etha舌 a symbolP(x,i)∈ S(0)(o)(- s(∩)), being a Symbolof
P ∈ E汲(i?), s atisfiesthefolowing:fo r e v e ryn′ 虐fl, the re existCl, C2 > 0 andr, > 0 s u ch
thai w ehav e
Cl く1P(x,f)lく C2 0n f7
'
[r
/
].
Then there e ∬is舌 aform alsymbolin 3(o)(n)co r r espondingtothepsvudo-diHe re ntialoperato r
Q whichisthein v e r s e ofthe ope rato rP in E皿(∩): i･e･ w e ha veQoP - P ｡Q - 1 in どR(∩),
Re c allals oa Le m m a of[Al], p.24,S血ble mm a:
Le m m a6･1 2･ LetI(w)be ahoto m o rphic hn ctio n o n(w ∈ aIIw - w.l< r) which is
c o n舌in u o u s a nd e v e r v anishe s o n(u ∈ CIIw - wo(t < r)_ T he n wehave
fJ(w)
了両
一三
on(w ∈ Cllw - woJ< r)･
L
2q
1n げ(w. ＋ r ev q o)
w
u
o ＋ r ev
q o ＋ w
(wo ＋ r ev q o - w)2
dβ
We ne ed al8 0thefollo wingPropo sitio nduto Aoki:
Pr opo sitio n6･131 LetS(i;x,E) - 1＋ ∑?= 1舌uSy(x,i)∈3(∩)s aiisBesthefollowing c o ndi-
tio n:fo ra nyO/ 毎 n, the r eared > 0,A > 0,C > 0,a > 0 and afun ctio nA(s)‥ R＋ 1 R＋
such that O< A < 1 a ndO < a <(1 - A)/(2C A)a n4w eha v e
hm 生垣 = o
β十 ∝I β
a nd
[su(xl)lく C A
u
(生計＋a) onn,[(u ･ 1)d]･
The nfo r
Cl, C2 >
a ny symbols(x,E)∈ S(0)･with S(x,Eト S(i;x,i)∈ N(∩)a nd O
/
毎 n, there em
･
st
0 a ndr′ > 0s u ch thatO < Cl < C2 a ndw eha v e
Cl く‡S(x ,i)∫h<< C2 0 n O
'
[r
′
].
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Proof･ Fo r a nyn′ 宅 n,there e xis七d' > a a nd B> 0with0 < B < 1s atis&ing七hefollowing:
for a ny E > 0)there a r ea
/
> 0 s uth tha七 w ehavefor a ny m
m - 1
JS(x,Eト ト ∑sv(x,E)lく C′Bm e哨
u= 1
o nn′[md
/
]･ Taking m : - [はF/d＋1],there e xis七 Eo,C′′ > 0 s u chthat w ehave o nn'[md,],
m - 1
IS(x,Eト 1 く C
”
e 棚 ＋∑c Au(生粁十 a)lErz/ =1
- -
”
eT
EoIEl･ ci去(欝＋ a)
-
”
e
- Eo■e[I C法幣＋豆･1
Bec a u s e欝 beco - e s - au -bitrary, w eha v ethe Pr opo si七io n･ ロ
No w w e ar e r e ady七o pr o v e比e T he or e m6.2:
1
pro of･ (ofthe The o r e m6･2)I We s etQ(xl):- 町 訂
Bythe Re mark ofthe Defimi tio n
6･1
,
we m ay as s u m ethat a(x,i)∈ S
‾ M(n)a nd P(x,E),Q(x,E)∈ 0(∩(r))withr ≫ 1,
T he np(x,i):- la p(x,i)∈ 0(0(r))is w ell-de丘n ed･ In the s equ el,for a ny symbolS(x,i),
let de n ote by S the c o r r espo nding R o n-1o calps e udo-difFere n七iaトopera七or a nd s a m efor a
for m alsymbol･ Fo r ex ample, by Q w ede n otethe ope r ator c o rr espo nding七o Q(I,i). Let
R(t7 X,i): - et8E
'8IQ(x ,i) andlet T(i;x,i)be 七hefor m alsymbol of R｡ P
.
: i･e･ by the
Propo sitio n6.10,
T(舌;x,E) e
iaE
'aye 卑 ∂∬Q(∬,i)P(y,”)Iy= 叩 =E
- e
t8f
'8ye
taE
'a訂
e
‾
P(x7E)'p(y7n)Iy = 叩 =<.
T he r e e xis七holo m orphic m appingsゆ(y, ∬,”):- (4,1(y, a,r7),4,2(y, X,り), - ,*n(y,∬,r]) a nd
4,(a,r7,i):- (41(x,rl,E),¢2(a,17,i), - ,4,n(x,r7,E) s u chthat w ehave
p(y,りト p(a,り) - (y - ∬,ゆ(y, x,”)), (6.10)
p(x,r7) - P(x,E) - (T] - i,¢(I,叩,i))･ (6.ll)
The n we ha v e
T(i;x,i) - et(aE,8y'8x)e(y
‾ 打
,4(y･ 叩))＋(巾 湘 叩,ど))1y= 叩 =E
- e
t(8E7∂y'∂ェ)【e(y
- X
･*(y, 叩))I(q ‾ E･4(T77,i))- e(り
‾ 紳 7n,E))＋e(りぺ 7 伽 ,i))]ly= 印 =E
- e
t(8E,8y'8=)[(e(y
‾ c
74(y･x7n))
- 1)e(り
‾ 帥 ,り7モ))＋ e(り< 74(37n,i))]Fy= 叩 =f.
T here exist a holo m orphic m apping
q(y, x, 7 ,i): - (gl(y, X,叩,i),甘2(y, X,77,i), ･ ･ ･ , せn(y, x,r],E))
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su chthat
(e(y
‾ ∬,中(y,x,”))
- 1)e(叩
‾ E 舶 り7E))
- (y - x, g(y, x,r7,i)).
The n re m arking e
i(8E,∂y＋∂訂)(yk - Xた) - 0fo r a ny k, we have
T(柵 E) - e
t(aE,∂y＋aD)[(y - T , 甘(y, a,叩,i))＋ eく叩ぺ 舶 n･E))]ly= 叩 =E
- 【(y - a, e
t(8e,8y十&)甘(y, x,り,i))＋ e
t(8E,ay＋∂訂)eく叩
- E 紳 ,刀,e))]ly= 叩 =E
- e
t(aE･aH)e(叩
‾ E,4(叩 7e))】l叩=E
- 某.蒜 卿 - (x,”,i,
a
].” -<･
In七he c as eWher ewedo n othaveβ≧ α , w ehave
a
E
P[(叩 - i)
a¢(x,叩,i)
α
]l向 - 0･
so
r
w e may a ss um eβ> α .
(i). T he c a s eβ> α - 0: The n w eha v eaE
P[1】- 0･
(ii)I The c a s eβ≧ α > 0: T he n w eha v e
軌n - i,
α
(¢ - )
α
,,.” -e -
o芸β(3)[aH' W )aE
P l( 紳,”,E'
a
']-”-E
(
0
ト1)1
αIβ!
(β - α)!
(iii), T he c a s e α- β - 0･ Then[1]ln=i - 1･
T hu sw eha v e
T(軸 E)- 1＋ ∑
0 <α<β
or elユivale n七1y, s etting
T
v(ま;x,i) -
w eha v e
I:Eu.<;<β
ト1)1a[t[PI
α!(β - α)!
(- 1)1
a(
α!(β - α)!
(7≠ α)
[aE
P- α4(x,り,i)
a]Iり- i (7 - α)･
ax
p[af
P - α(¢(x,叩,i)
a
)]I蛸
(” - 0)
ax
p[af
P - α(4(x,叩,i)
a
)]lq -i (〟 > 0),
∞
T(i;x,i) - ∑舌uTu(i;x,i)･
レ = 0
(6.12)
(6.13)
Let take a ny nl (∈ ∩ Ofthefo m C
n
x ul Withul 辱 LJ(r e c all∩ - C
n
x u)ands e上the
distan c e6o ‥ - dis七(aLJn(lei- 1),∂ul n(ほl- 1〉)a nd6: - min(6o,1/2)･ Inthe s equ el, w e
s et
H : - 諸賢I
HM(i)[･
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Be c a u s efo r anyk, w e have
aEたP(x,i) -
aEたP(a,E)
P(x,i)
'
by u slngthe Le m m a 6･12, fo r any r
J
> r† w e ha v e七he fo11o w lng: the r eis a c o ntinuou s
fun ction a(x)≧0 andfor a ny E > 0,the r eis K > 0s othat
[aehP(x,i)‡く 2
i
柑 ＋lHM(i)i＋6 HIEl＋ K ＋ a(∬)
l帥3
EIEl＋ H[引＋ K ＋ a(x)
tE164
o nf21[r
/
]. (6.14)
We recal a Le m甲a of Aoki(s e e[A2]):
Le m m a･ Ther e lS afun ctio nA(s)‥汲＋ う 温＋,(whe r e瓜＋ :-]0, ∞fc 温), s u chtha七 w ehave
for a ny c > 0, w eha v eA(cs)< cA(a)
1im 生垣 = o
βヰ(>○ β
JaeたP(x,E)lく
A([E()＋ HIEI＋ a(x)
64ほt
o n nl[r
J
].
By(6.ll), w ehavefor anyk,
如(a, r7,i) -
S o w eha v e
J4,(a,r],i))く2
L
l
aEhP(x,S T7＋(1 - s)i)ds,
A(ほl＋lr]l)＋ H(lE[＋Ir71)＋ a(a:)
64tEI
T he nbythe in equality of Ca u chy and(6.1 2), for any x ∈ Cn a nd a ny R > 1, s e七七ing
aR
- aR(x)‥ - m a XFyl<R a(x ＋y), W eha v e
lTu(x,i)lく ∑ ∑
lPL- i,0 <αくβ
く 皇
J= 1
- 云
l= 1
【4
β! ｢｡A((1＋6)LE)＋(1＋6)H(El＋ aR
α!RIP[(6[EI)悼
- αl
21nlz/!
l!Ru(61El)u
‾l
u!
l!Ru(61El)u
‾ヱ
く R
‾ u
[1 2n
[6
64はI
A(I引)＋ HtEI＋ aR.i
64はf
[12n
A(let)＋ H[EI＋ aR
A(let)＋ Hl引＋ aR
∂41引
∂41引
Z/
】∑窟
l= 1
1
]
l
(6矧)”
-i[12n
Takingd> 1large e noughsothatd> m ax(3,2r)a nd w eha v e
空室許< 1∂4
]l
αl
A(l引)＋ HI引＋ aR.l_ 1
641E[
for a nyE∈ LJI WithJElad.
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(6･15)
The n s e七七ing m - i - 1, w e have, for a nyi∈ LJI WinI引≧(u ＋1)d,
LTu(x,i)Iく R
- y
[12n
A(Iei)＋ Hkl＋ aR
64[El
mf.(
u
ニ
1
)
< L,R
‾ u
[12n
i, (I/ - 1 - m)! ｢. o ” A(Eel)＋ Hl引＋ aR
[12n
m ＋1((u ＋ 1)a)”
- m - 1
A(LEI)＋ Hl引＋ aR
64(引
- u 訂 u(去.[12n
･ uR
- ”
(去
- uR
･
- ”
(去
By(6.15), w eふave
T herefore s etting
＋[12n
＋[12n
]m641引
･
mf.(”;1)
A(矧)＋ HIEl＋
∂41引
A(li)＋ Hl引＋ aR
∂･41EJ
A(1引)＋ HIEl＋
641E)
1
云＋[
12n
[12n
1 r. ,, 山 A(li)＋ HI引＋ aR
dレ ‾ ト m L
- - ' v
64JEJ
[1 2n
)
u ‾ 1
[12n
A(lil)＋ Hl引＋ aR
64IEl
A(ほJ)＋ HJEI＋ aR
641El
]m
[1 2n
A(l引)＋ HI引＋ aR
64IEl
A(lEI)＋可引＋ aR
641引
･＋去＋筈(H ･箸)
･･%H ･
A:=
lTu(x,E)(< ÷【12n
1＋ %aR
d
2＋筈 -
1＋ %aR
a
taking R }>･i, we ha v e0 < A <iford}i,1 a nd
,,” / 仙 … ノ
Av
,. ｡ ー
A(J引)＋ Hf引＋ aR
R
L
‾ ‾
' v
64IE]
]く蒜Aレ[A#･ H ･箸]･
T he nbythe Pr opo sitio n6･14,takingr去alittlebi七s m alle r and七aking R > 1 1a rg^e e n o ugh,
ther e are T(∬,i)∈ S(n)and C
'
,
C′′ > 0s u chthat w eha v eT(I,i) - T(i;x,i)∈ N(∩) and
C′ <IT(x,i)Iく C
′′
o nn[r[]･ In fact,if w e s e七 C : - 12nd/(6
4R)and a : - H ＋ aR/ain the Proposition 6.13,
taking R > 1,a> 1large e n o ugh, w eha v e
A(l＋2Ca) -
2･%H ･
1＋ %aR
d
R
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(1 ＋欝 H ･晋))
that is0< a <(ト A)/(2CA)･ T hu sbythe T he o r em 6･11, T isinvertiblein C汲(∩). T he n
we bave
T
‾ 1
o(e
t8E
'8sQ)｡ P - 1.
Andbythe s am e w ay) wehave als otheleft in vers e of P andthu s七heThe o r e m w a spr oved･ 口
Re m a rk I Bythe abo v epr o of, w elC anPr OVetha七thu s c o n str u cted P
‾ 1
(七;x,i)s atisfiesthe
払11o wing es七im a七e wbicbis str o nge rtha n(6.4):
(X )
develop ping P
‾ 1
(舌;諾,i) - ∑舌レRu(a,i), with Ru(a,i)∈ 0(n((v ＋1)r))
LJ =0
(∀u ∈ Z＋)a nd r > 0, we ha v ethefollowing:
for a ny c onic s e七 n
/
唇 0, 七her e exist d> r and A >O with O< A < 1
s u ch七ha七for a ny E > 0, the re e xists CE >0s otha七 w eha v e
LRu(x,i)Ⅰく CeAueZ- M(i)＋elEJ
(for e v ery i,a0 a nd any (x,i)∈ n
'
[(y ＋1)d])) (6.16)
Infa ct
,
w e c an e a8ilypr ovethe Lem m a6･8,(1)-(a),(2)-(a), Le m m a6.9 a ndthePr opo sitio n
6･11with七hi8 estim ate, in ste adofthe e atim ate of七ype(6･4).
Ex ample ･ For ex ample) 1e七 co n siderthe c as e wher ethe operato rP is a n o n-lo c alps e udo-
difFer e ntialopera七o rhaving a c o n sta n七 c oe氏cient symbol P(E) ∈ SM(f2), ∩ - Cn x 叫
n o n- char a c七eris七ic a七p - (xo,Eo)∈ n, s oP is n o n- char a c七erist主e a七 a町 (訂,Eo)∈ X x(i.).
Inthis c a s e
)
bythepro ofoftheT he o r e m6･2) w efindthat Pha sthe inve rs e ope r ator P
- 1
withsymbol1/P(i)･
^
We r e m a rk alsoもha七to s aythe symbolP(i)i
'
s wi thc on stan七cde瓜cie nt
is equivale nt 七o s ayP(E)is wi thc o n sta ntc o efRcie nt. The ninthe situ atio n ofthe Propo sitio n
4･3, for any n芸= 1(rk,5 ＋ M - M)-r ound ope n s e七 D, ∩芸= 1(rk,6 ＋ M - M)- open s ets U,Uo
with Uo ⊂ U, U＼Uo ⊂ D anda nyI(a=)∈ 0((Uon D)＋ M - M), s eセセing り: - (1,T7/)forthe
simplicity, w ehave
P
- lf(x) -
1
(27Tvr巧)n/dzか′L
∞
e
- T Z･qT
n - 1I(x ＋ z)
P(Tq)
dT ∈ 0((Uon D)＋ M)
andthu sthis glV e S a S Ol11七io n ofthe equ atio n
Pu(x)≡ f(a) on Uon D rT Wd O((U nD)＋ M).
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1 Im七r odⅦctio n
T he pu rpo se ofthis a rticleisto pr opose a r eason ably wide cla s of op
er ato rs
who s eWI{ Bs olu七ion s ad mi七in丘nitely m a nypha se s a nd七o show 七hat ex act
W K Banalysis? 1･ e･ ) WK Ba nalysisbas ed on the Bor elr esu m m atio n, for s u ch
oper ato rs c a nbe pe - m e且 atle a s七 nea∬ 地eir tu r n
ing poiI 血 Ⅰ血i七iv ely
speaking, the operato rsto be studied in this a rticle
a r e ap pr opriatein丘mi七e
su m sof line a r ordin a rydi 鮎rentialoper ato r swho s eco efRcien七sdepe nd o n a
la rgepara m ete叩 ･ T heirpre cis ede丘nitio nisgiv e nin Section
2;thede丘ni七io n
is de signed so 七ba七 也 e
"
wildnes s= of七be di鮎renti乱七ion is a m elio rated by
the e鮎 ct ofthe in vers e ofthe la rge pa ram ete r･ As 七be r eader will丘nd
in Se ctio n2, micr olo c al a n alysis([SIくK】;see als o[K
3】fo r so me ele me nta ry
expo sition)ofthe Boreltra n sfo r mofthe ope ratorsin qu estio n e n able s us
七o de s cribe the delic ate bala n c ebetw een 七he di 鮎r en七ia七io n a nd 七he e庁e c七
ofthela rge pa r a m et r･ W e callsu ch w ell
-b ala n ced ope rators
((
oper ato r sof
WK Btype
”
,
in o rderto distinguish them fro mlin e a rdifre e ntialoper ato rs
.f infinite o rder, which a re effe ctiv ely u sed in microlocal analysis(cf･, e ･g･ ,
[SK K, Cbap･ ⅠⅠ])･
oper ato rs whos e W E Bsolu七ion s admi七inan
itely m a ny pha s e scan not
be alin e a r o rdinary di 鮎r e血 al ope r ato r of 丘nite o rder, beca us ethe pha s e
fun ctio nis the n asolutio n of an algebraic equ ation;how e ver, s u ch ope r ato rs
beco m e n e c ess a ryin 触idm e cb弧ics(cf. , e ･g･ ,【B Pl,[B RS〕,[Sla nd[W S W])I
still? ther eha sbe e n n om athem aticaly s erio u s a七temp
七fo r W K Banalysis
of such oper ators as far a s w ekno w･ He nce we sta rt o u rdis c u ss
ion with
the definitio n a nd c o nstru ction of W K B･s olu七io n sfo r oper ators of W K B
type(se ctio n s3 a nd 4)･ To m ake the r e a s oning syste matic･ w e u;ethe s o
-
cal1ed " exp｡ n e ntialcalc ulu s of micr od主鮎ren七ialope
r ato rs” (cf･,[A l】,【A 2]
a nd[A 3])to find out the Ric c a七i-type equ atio n as so ciated wi七h an ope r ato r
of WK Btype･ Afte rdefining the n otion of a tur ningpoint a
ndthat of its
r ank for a n ope r ato r of W E B type) we pr ov e adec ompo sit
ion theo r e mfo r
su ch ope r ato rs n ear a七u r ning point(Sectio n 5)･ In the pro of, w e em ploy
仙 eide aof H. Cart弧 ([C])in pro ving a precis e version ofthe Sp 批 division
theor e m. Using七bedecom po sitio ntheor e m w e丘nd wher e a nd bo
w adisr upt
cha nge o c u rsin the Bo r el s um of W K Bsolut
ion s) i･e ･ , the loc atio n of a
stokes cu r v e n e ar a simple turmingpoint a ndthe c on n ectionfo r m ula a r o u
nd
it. T he m ethod ｡fthe pr o of is e ss e ntially七he sa m e as 七bat u s ed in[A K Tll;
thatis, w e u sethe de co m position theo r em to r educe the pr oble m
tothe case
.fthe s e e . nd o rder operato rs(cf.[V],[D D P],[A K T 2] and refer ences cited
I
l o
七ber e).
So me c om pute r- assisted study(that us es M a七bem a七ica)is giv en in Ap-
pe ndix to s e ewhathappens atpointsfar a wayfrom tu r ningpoints. Asfa r
a s w e b肌 .e ex a min ed, no subs七弧tially n ew phenom e na se e m七o oc c ur; t士1e
notion of ne w turningpoints(cf･,[AKT l], or that of virtualturning points
in ou rlatestte rminologyin[AK T5])se e ms七o be still.effectivefor operators
ofW E B type･ Bu七 n o s erious a七七e mp七has be en m ade七o 丘nd a n algo ri七hm
to de scribe the c om plete c o nn ectio nform ula. Finding outs uch an algo rithm
is o n eof the m ostimportan七 open pr oblem sin exact WK Banalysis, ev e n払r
ani七e(≧2)order oper ators. Wehope exa mplesin Appendix will behelpful
forthe r e aderto obtain aco n cretepictu re ofope rators'of W K Btype.
In endingthisIntrodu ction, w ecall the attentio n ofthe re adertothefa ct
that
,
inge n eral, an oper a七o rP(a;,a/dx ,T7)of W E B type do es no七de七ermin e
an in丘nite order oper ator(in 七he s e ns e of mic rolocal analysis) when the
par a m et r †7is丘Ⅹ ed 七o be so me且ni七e value howev e rlargeiもis. As a simple
ex a mplelet u s c o nsiderthefolowing oper atorLo:
Lo(x, r7
‾ 1d/dx) - exp(叩
‾ 1d/dx 卜 x
- 買主叩
- n
'孟)n - x. (1.1)
If we 丘Ⅹ 叩七o be r7othe r e sulting oper ato ris a七r a n sla七ion operato r: I(x) -
I(x ＋r]o
- 1). sinc e a ninfinite o rder differ e ntialoper a七o racts on the sheafof
holo m orphic fun c七ions a s a she af ho m o m orphis m, Lo(a=,垢
1d/dx)c ann ot be
aninfinite o rde rdiffer e ntial oper ato r; o n eimportant less on Welea rn fr o m
this ex ampleis thatthe arbitrarin es sof 七hela rge param eter †7is critically
impo rta ntin am elior atingthe wi ldness of differentiatio n. Ne edles sto say,
there a r eoperato r s of in丘ni七e order of W K B 七ype 七ha七 deter mine in丘ni七e
order diffe r en七ialoper a七ors when w e丘Ⅹ the la rge par arne七er T7a七 a 丘nite
valu eT7o. A typicalsimple ex a mpleisglVen bythefollo wing operato rLl:
Ll(a,叩
‾ 1d/dx) - cosh( (ir7)
‾ 1d/dx) - x
- 左右(in'
- n
(孟)n - x ･ (1･2)
As is well-kn o wn
,
cosh( 仰 )is anin丘ni七e orderdiHe r en七ialopera七o r
for any r7o(≠0).
r
H
T he oper ator Ll(Ex a mple A.1), a v a ria nt of Lo(Ex am ple A･2), a nd L2
glV e nby
L2 - e XP(r 2d2/dx2ト exp(- x
2
) (1･3)
(Ex a㌣ple A･3)togethe r w
ith an oper ato r related to a n o n- adiabaticlevel
c r o sslng pr oble min qu antu m m e chanics(Example A･4)are c on c r e七ly ana-
1yz ed in Appendix ･
2 D iffe T e ntialope r ato r s of W KB ty pe
Le七 U be an ope nse七in C. W e se七X - U x Cy･ Let(∬,y)be a c ordina七e
syste m in X . Her e x(r esp･ y)is a co ordin atein U(resp･ Cy)I Let r X
den o七e 七he c ota nge n七bu ndle of X a nd let(a,y;i,rl)den ote a c oo rd主n a七e
syste m in 了
｢* X ･ W ede n otebyr之the ope nsubse七in r X defined by
((x,y;i,rl)∈ T
*X;rl≠0)･
w e c onsider a subring of the ringど(∩)of micr odifferen七ialoper ato rsde丘n ed
on ∩(cf.[K
3]):
D e丘ni七ion 2.1 The set of al1 micr odiffe ren七ialoper ators P oforder0 which
a r ede丘n ed o nr之and which s a七is&
[P,ay]: - Pay - ay} - 0
is den oted bySw K B(U). Her e w es etax - ∂/ax, ay - ∂/a3!･ An ele m e n七 P
in fw KB(U)is called adifFer entialoper ator of W K B七ype defin ed o n U ･
Fo r adiffe r e ntialope r a七o rP of W K B七ype, theto七alsymbol q(P)of P
m aybe writte nin thefollowingform ofafo r m alpo w e r serie s:
00
q(p) - ∑叩
1 3
'
p,
･(x,i/”)･ (2･1)
3
'
- 0
Here e a ch P,
･(x, 的)is a holom orphic fun ctio n which is defined on r之a nd
ho m ogene o us?f degre 0 in(i,”)I Tha七is, thehom ogene o us pa rt of degr e
-i of P is r 3P3･(x,E/り)･ Hen ce w e c a n w rite
J(P) - P(r,i/
'
m r7) - P(x,E,叩)
1乙
and
P - P(x,aJay,ay).
Her e w es e七ぐ - Eh and we r egard( as a ninho m o苧ene?u s coordin atein∩/(a - (o))･ Follo wing七hetradition al七er min ologie sln mlCrOlo calan alypis,
w ec all Po(x ,ど)thepri mipalsymbolof P･ Each c oe愚cientPj(x,亡)ofr3in
a
.(P)is a n e n七ire fun c七io n ofぐwith holo m orphic coe氏cien七s a,I ,た de丘ned on
U:
0 0
pj(x,ど)- ∑a,･,A(I)Eh･ (2.2)
k= O
Bythe de丘ni七io n
.
of microdi鮎 re n七ialoper ators, P,
～(a,ぐ)(3
'
- 0
,
1
,
2
,
- )
sa七isfy七he follo w lng eS七im a七es: For e v ery c o mpact s e七 K in U x C亡, ther e
exists apositive co ns七an七Cs o七ha七
IP3･(a,ど)I≦ C3
L
＋1]! (2.3)
holdsfor ea ch(x,ど)∈ K a nd fori - 0,1,2, , - Co nvers ely,if P,･(∬,ど)ar e
holo morphic o nU x C a nd 七hey s atisfy(2.3), then theformals eries
(X)
∑灯ゴp,I(∬ , 的)
3
'
- 0
(2･4)
de丘n es adi王feren七ialope r ato rof W E Btype.
Ⅰ七fo11o w sfrom 七he co mposi七io n ru1e fo r micr odiffere ntial ope rators(cf.
[SK K, C hapI II])thatthetotalsymbolc,(R)ofthe co mposite operator R of
tw odifferentialoper a七o rsP, a ofWK B七ypeis writte nintheform
vi七h
where
and
00
q(R) - ∑り
- IRl(x,ど)
J= O
Rl'u)-
i.A;m =l去'a<
m p3
･'"”(aTQk'xl'',
∞
∑叩
‾ 3
'
pj(x ,E)
J- 0
00
∑り
‾ た
Qk(x,ど)
k= 0
1言
(2.5)
(2.6)
a r ethe七otalsymbols of Pa ndQ, respectively. Theco mpo site symbolcr(R) -
R(x,ど,T7)c a nbe also w ritte nin thefollowingfo r m(cf.[A l〕,【A 2])‥
R(∬ ,ど, r7) - e Xp(り
⊥1aw∂z)p(x,E＋ w ,T7)Q(x ＋ I,(,り)lw = z - o ･ (2･7)
S inc e adiffe r e ntialop
.
e r ato rP ofW K Btypeisindepende nt ofy, weide nti&
ay with its symbolrlln Wha七follow s･ T hu s we often w rite P withthetot al
symbol(2･1)in 七hefわr m
O〇
p - ∑叩
-3
'
p,
･(x,aJn)･ (2･8)
3
'
- 0
we r egardr7･(oray)as alargepa ram e七er･ T hen P c an be c on sidered 七obe
a for malordin a ry di 鮎r en七ial oper ator of(finite ot)infinite o rder wi七h七he
la rge pa rameter r7. T hisis 七he reason why w e call Pa diHere ntialope rato r
ofWK B七y pe.
T he ringEw E B(U)contains v a rio u s七ypes ofope r ato rs which c a nbe an㌣
1yz edby u sing ex a ct W E Banalysis･ We give s om eex amples of operators ln
fw K B(C)･
Exa mple 2.1 r7
‾ 2aZ - x . (Airy ope rator withala rgeparam ete r.)
Ex ample 2.2 叩
- 38= - 3rl
- 1
∂よ＋ x. (Cf･[A KTl】,[AK T 3],[B N R]･)
Ex a mple 2.3 e xp(”
- 1∂よ) - X .(Cf. In七r odu占tio n.)
Ex a mple 2.4 c o sh( (irl)
‾ 1ax) - x ･ (Cf. Intr odu ction a nd Ap pendix ･)
Fo rthe c o n v由1ie n c e ofo u rlaterdis c u岳sio ns, wefu rthe rintrodu ce an e x-
te n sion ofthe ringEw K B(U): We de n ote byiw K B(U)the s et of all fo r m al
s um s ofthefor m(2.8), whe reP,･(a ,()a re holo m o rphicin U x C, without
anygrowth co ndition on Pj･ T he pr odu ct(compositio nofoperators)in this
setis defin ed b^y(2･7)･ Withthispr oduct andthe s u m a sthefo r malpo wer
s e ri^e s
,
the s etEw KB(U)bec o mes a ringtha七 co n七ain s8w KB(U)I An ele m e nt
of Ew K B(U)is c alled afo r mal difrer entialoperator of W E Bty～pe･ IfUis n ot
sim ply co n n e cted, w ede n ote the uqiversalc o v ering ofU by U･ W e will also
us e七he ringsiw K B(6) and Ew E B(U), whe r e w e admit m ul七iv alu ed analytic
functions as c o efRcie n七s ofpo w e rs of(in Pj･
J7斗
3 W K Bs olutio m s
,
tu rning points a nd Stoke s
c u r v e sfo r ope r ato r sof W ⅨB七y pe
Let
(X )
p - ∑叩-3
'
pj(蛸/〟)
3
'
=O
be adiqe r e n軸1 oper ator of W Ⅰ( B七ype de丘ned o n U with七he principal
symbol Po(x,ど). We co n side r adifrer en七ialequ a七io n
P4, - 0･ (3.1)
Tode丘n e aW K Bs olution of七he equatio n, w eintrodu ce s everaln o七a七ion s.
D efinition 3･1(i)A formal W K Bsymbol is aformalseries with an expo-
n e ntialfa cto rthathastheform
∞
f - e xp(na(x)∑叩
-3
'
- α
f,･(x), (3･2)
3
'
-0
where a(a), fj(I)(i - 0,1,2, A . ･)areholom o rphic functio n sin an open s et
V in C and α is a realn u mber.
(ii)A form al W IくB symbol(3.2)is saidtobe Bo reltra n sform ableiffo r ev e ry
c o mpacts et K in V, the re exists apositiv e c onsta nt afo r which
s up[f,I(x)I≦j!Cj＋1, i - 0,1,2, …
x∈K
hold･ Ifαis notco ntained in the s et(0, - 1, - 2, … ),the Borel tr a n sfor m of
Iis a(possibly m ul七トⅤalu ed)analyticfun ctio nfB(x, y)de丘ned bythe s e rie s
∞
∑
∫- 0
f3･(a)
r(α ＋j)(
y＋ a(x))
α＋3
'
q l
which islo c ally unifわrmly c o n verge Ⅱ七in
((x,y)lx ∈ V a nd O<ly＋ a(x)I< r)
fo r s o me ㍗ > 0.
(7㌻
R e m a rk 3.1(i)Thefor mal W K Bsymbol(3･2)is Bo r eltr an sfo rm ableif
(X)
()
∫: -- ∑叩1
'
fj(a)
3
'
- 0
belongs七oEw E B(V)I
0 0
(ii)Ifafor malseriesS - ∑ 叩
‾jsj(x)(afo r malWK Bsymbol without
3 - - 1
expo n e ntial factor)is Bo r eltr ansfo rm able,then wefind exp(
Bo r eltran s払r m ableby e xpanding
e xp(&- 3
'
rs3･(I,dx)
/
∬
Sax)is also
into afo rm alse riesin Tl
- 1 by bruteforce･
(ii)Ifα is【a n egati
v eintege r o r0, w e c onsider(r
l/2f)B in ste ad offB(cf･
Ⅳ])I
Let V be an open setin U and Vthe universalc overing of V･ Let S
denote afo r m alpow erseries ofthe form
∞
s - s(x,り) - ∑ 灯3
-
s,
I(x),
3 -
- 1
wher eS,･(a)(j ニ ー 1,0,1,2, ･ I A)ar e an aly七ic fun c七ions defined on ウ･ Let us
c o n side r aformalWK Bsymbol4,defin ed by
ゆ - exp(rs(x , 榊)･ (3.3)
T hen 4,, o r m o r epr e cis ely, the m ultiplicatio n oper ator by4,, in du ce s an
au七o m o rpbism
de丘n ed by
如 :iw K B(ウ) 一 iw K B(ウ)
如(P)- 4,
‾ 1p4,I
T he right-h and side is w ell-defined as aqu antiz ed c o nta cttran sfor m of P
(cf.[A 4],[SK K])I Actuallythe ge o m etric a spe ct ofthis qu
antiz ed c o ntact
りE
tra n血 rm a七ion is quite sim ple;i七is a c o n七a c七(- ho m ogeneo us symple c七ic)
七ransfo rm a七ion induc edby a cha nge of v a riablesin y･ In 七e rm s ofsymbols,
w e m ay w rite
如(P)- P(x,(∂ぉ ＋S)/叩,r7),
T he c o rre sponding co nta cttra nsfor mation isgiven by
→ こr
y - yイsJx)dx
E - E＋rlS_ 1(x),
r7 → Tl･
(3.4)
we c on sider alef七ideal ofiw KB(ウ)ge nerated byaa:
iw K B(ウ)aD : - (Q鈷;Q ∈iw K B(V)).
An operatorP iniw K B(ウ)belongs七oew K B(ウ粍 ifand o nlyifg(P)I(= . - 0.
D e丘nitio n 3･2 A formal WK Bsymbol4, d^efin e卓by(3.:3)is said七o be aW K Bsolutio n of(3･1)if如(P)belo ngs七o Ew K B(V)&.
T he ba ckgr o und ide a ofthis definitio nis asfollow s:ifwe r e- a r range the
o rde r ofthe multiplic ation operato rby e xp(J
‡
s(訂,r7)血)andthe di 鮎re n七ial
ope r ator8x bythe applica.tion of七he ru1e
ax exp(Is(x ,”)dx) - S(x,7)e xp(rS(I,7)dx)＋(exp(IS(x,”)dx))8E
in the compo site P中ofoper ato rsP and4, sotha七thediffe rentialoperatorax
alw ays sta nd tothe rightofthe m ultiplic ation oper ato rs(the s o-calledn o r mal
orde ring),the nthe pa r七 whichisfreea:o max sho uldc oincide withthefor mal
W E Bsymbol obtainedbyle七七ing P ac七 on ゆ regarded as a
"functio n ofx”
,
n ot an ope r ator, by七he rule
∂∬ゆ - S(x,r7)4,,
du e七o thefac七that4)isfree fro m∂益. T hu sin七ui七iv ely spe aking, the r equir e-
m entin De丘ni七io n3.2 a m ou nts 七o sayingtha七4) regarded as a
"fun ction of
x
”
s a七isfie s七he differ e n七ialequ a七ion P4, - 0. Note tha七theleft-h and side of
7p7
this equatio nisdiHe r en七from the c om posite Pゆ ofoperato r sP andゆ. Fo r
e xa m ple, if P is adifFe re ntialope ra七or ofthe s ec ond orde r of 七hefo r m
P - り
‾ 2∂≡ - Q(x),
the requir em e nt of De丘ni七io n3.2 r e ads as
芸.s2 - n2Q(x) - 0,
which isthetraditio nal Ric catiequ atio n. In fa ct, we have
h(P) - 叩
- 2(芸.s2 - 2Q(x) I ” - 2(& ＋2 S)ax
in this c as e. Sin c e4,doesn otco n七ain 七hediffe re n七ialope r ato ra,:,the nor m al
orde ring of P4) c anbeim m ediately obtain ed by applyingゆfrom theleft 七o
the no rmally orde red4,s(P).
W ebeliev ethee mploym entofthequ a ntiz edc onta ct tran sfor m atio n4,s(P)
is a n e at w aytofo r m ulatethisintuitiv epictu rein am athe m atically rigoro us
m ann er. In pa rtic ula r, the explicitfo rm(3.4)of如(P)cle a rly explainsho w
natu r alis o u rsta rting aBSu mP七io ntha七the symbolof a differentialope r ato r
of WK B 七ype shouldbe entirein亡 - i/叩･
Ne x七 w ede丘n ethe notio n oftu r n lng pointsfo r operato rs of W K B 七ype･
Re cal 1七ha七 月)(x,ど)de n o七e s七heprin cipalsymbolof P･
D e丘ni七ion 3.3 S11ppO S e七ha七tbe syste m of equ atio n s
Po(x,ど) - ∂ぐPo(I,(); 0 (3･5)
ha 点 a SOln七io n(x,() - (∬* ,(.)∈ U x C亡 a nd Ro(x *,()do es n o七 v anish ide n-
tic ally aB a functio n of(. T hen x* is c alled a 七u rning point of P with a
cha r a cte ristic valueE* ･ T he s m alles七positiveinteger m so 七hata(
m Ro(x* ,(*)
do e s n o七 v a nisb is c alled the rank ofthe七ur n lngpOin七 ∬* wi七b 七he char acter-
istic v alu e(. .
Note tha七七he r e m ay exist(ニwhich do esn ot equalG` fo r which Po(x* ,(;)-
∂ぐP(x *,C)- 0･ (Cf･ Ex amples A･1 and A･2･)
Le七 x* be atu r ningpointof Pofr a nk m with a cha rac七eris七ic valu e(* ･ By
usingthe Weier str as spr epa r ation七heore m, w e s e e七ha七theprin cipalsymbol
Po(x,ど)of P is u niqu elyde c o mpo s ed in 七othefollowingfo r m :
Ro(x,ど) - q(x,ど)r(x ,ぐ), (3･6)
1夢
whe r e r(x ,()is a W eie rstr a sspolyn omialof degree m in ぐ with七he c e nter
at(x *,ぐ*)and q(I,()is a holo m o rphic fun c七ion de丘ned o n a n eighbo rho od
Uo x LJo Of(x *,E*)so七hatq(x * ,(.)≠0･ Bythe definition , r hasthefollo wing
for m :
r(x,ど) - (卜 ぐ*)
m
十fl(a)(汁 (.)m
‾ 1
＋ - ＋fm(x),
wheref31(x)v anishesa七 x - x*ford - 1, . . . , m .
Definitio n 3･4 T he Weie rs七ra s polyn omi alr(x,()is caledthe v anishing
fa cto rof Pat(x* ,(～)･ T here are m a nalytic s olu七io n sぐ - ぐ1(x), . . . , Em(a)
of七he equatio n r(a ,() - 0 s atis&ing(,･(x *) - (. for3
'
- 1
,
…
,
m . T hese
s olutions are called characteristic ro otspassingthr o ugh(x *,(.).
We in 七rodu c ethe notio nofStokes cu rve sfor tu mingpoints ofr ank 2.
D efinitio n3･5 Le七x串 be a七urnlng pOin七 of Pofrank 2witha char ac七eris七ic
valu e(* a nd let(＋(a)andぐ-(a)be 七he cha r a cteristic roots of Ppa ssing
thr o ugh(x *,I.)･ A Stoke s curve e m an atingfr om x*is a c urv ede丘n ed locally
bythefollo w ing equ ation :
Imi:(E＋(s) - ど-(s))ds - 0. (3.7)
De丘nitio n 3･6(i)A tu rning poin七 3;* Of Pofr ank 2with a cha r a c七eris七ic
v alu eらis s aid七o be simpleif
axPo(x *,(･)≠0･ (3･､
8)
(ii)Atu rningpoin七 x* of Pofrank2 witha cha ra cteristic valu e(. is sai d 七o
be do ubleif
&Po(x*,(.) - 0 (3.9)
a nd
(ax∂(Po(x * ,(.))2 - aSpo(x *,(.)a<
2Ro(x *,I.) ≠0 (3.10)
bold.
In丘ni七esim alco n丘gu r a七ion ofStokes c u rv es a七 a simple(r esp･ double)tu rning
poin七 x* is七hes am easin the ca seofse cond orde rdiqe r entialoper a七or s･ T hat
is
,
they consis七 ofthre (r esp･ fo ur)h alf-1in e swiths七a r七ing poin ta七 x * and
the angle betwe e nany adjac enttw o r aysis equ alto 27T/3(resp･ 7 r/2).
'
l号
R e m a rk 3.2 If P is ofthird o rder with simple dis crimin a nt(cf.[A K Tl]),
then al1tu rningpoints a re simple.
In the ca s e of r a nk 2, w eca n de丘n e 仏 e n otio n of七u r n lng points with
higherm ul七iplici七y(cf.[P]forthe s eco nd- o rder c a se)I Sin c ethe m aininter est
ofthis paperisthe cas e of simple o rdo uble tu r ning points, w edo n otgiv e
七be m here,
4 Co n s七r u c七io n of W K Bs olu七io n s
Le七 u s c o n s七r u c七 a W K Bsolutio n of(3.1). W e as s um e.that thereis a solutio n
ど - ( x)ofthe equ ation Po(x,() - 0･ W e suppo s e( I)is a nalytic om an
ope n se七 Ulin U. tJsing((x), w e wi llco ns七ru c七 afo r mal W KB symbol
ゆ - e xp(rs(x,”)dx),
for which 如(P)belongstoiwK B(Ul)8c ･ Her e
O O
s(x ,刀) - ∑ 叩
- S
o
s,
･(a)
3-
- 1
is afo r m als erie swith analy七ic coe氏 cie ntsde丘n ed o n Ul･
w e s e七B:- ”
- 1s(x,り) -妾叩＋ 1s3･(x) and T(a,n' -rS(x,n'dx ･
It then follow sfr o mthedeanitio n of如 鴫atthe totalsy mbolcr(4,s(P))has
也efわllo wingfわrm(cf･[A 4]):
e xp(”
- la<az)p(x,ど, り)exp(叩(I(x ＋ ziり)
- T(x ,叩))lz - o ･ (41 )
Ifthis v anishes atぐ - 0, the n4,iヲa W K Bsolutio n of(3･1)･ To calc ulate
(4.1), w e u s e七befollowingle m m a which is a spe cial c ase of Suble m m a of
Le m m a 1.3 in[A 3](see also[M])･
Le m m a4･1 Le舌Å(a , I,り) - ∑芸.A,･(x, I)叩
-3
'
be afo r m alpo w e rs erie s of
り
- 1
,
whe reA,
･(x, I) (i - 0,1,2, - ) a r eholo morphic o nUI X(lzl< c)fo r
s o m e c o n sLa n士 c > 0. T hen 舌hefollo wing relatio n of fo r m alpo w e rse rie s
holds:
e xp(町
1∂亡∂z)P(3:,亡,叩)e xp(りZA(I,I,叩))Iz - o
- e xp(rl∂亡∂z)P(x,(＋ A(x, I,り),”)Lz - o ･ (4･2)
ぎo
We s et
A(x, I,叩) -
T(x ＋ z,r7) - T(a,り)
a
and apply Le m ma4.1to(4.1)I Sinc e w eha v e
A(a,z,”) - /!
1
∑
k= 0
G(a ＋zt,r7)dt
z
h akS
(k＋ 1)i 8xk
(a,r7),
w e ar riv eat thefollowing
pr opo sitio n4･1 Thefor mal W K Bsymbolゆ - exp(げ S(x,”)dx)is a
WE Bs olutio n of(3.1)if
exp(r7
- 1∂く8z)P(α,(＋∑た= 0竿､ z
k ∂絹
(k ＋1)!axk
(∬,叩),r7
a-ぐ三0
- 0 (4･3)
holds.
Equatio n(4･3)is a c ounte rpa r七 of七he'Riccetiequ ation in the sec o nd- o rder
cas e. To c onstru c七in a re c u rsiv e m an ner S(a,rl)s atisfying(4･3), w e need
so me m ore redu
～
ction of the co ndition(4･3)･ Fo rthe s ake of simplicity of
indic es, w e set Sm - Sm - 1(m - 0,1,2, - )I
～
Re cal1 tha七P(a,亡,Tl)hasthe
fo rm ∑T= . r nPn(a,亡)･ Subsもitu七e this and S - ∑町
mSm into(4･3)a nd
expa nd itin the po w ers ofrr
l
. T he n w efind七ha七(4･3)is equivale ntto
㌻ : I T , aZg＋
たpn(x,5o) axklSm l ･ - ax
k3
'
Sm ,･
∑叩
‾l∑
LE O
j! (kl ＋1)!･ ･ ･(k,･ 十･1r)!
- 0
, (4.4)
whe r ethe se cond su m m ation is 七ake n ov er al indic6s k, ” , m; kl, - ,k3
･
･
,
m l, … , m ,
･ Satis&ingk≧0, n ≧0, m ≧0,k＋ n ＋ m - l;kl ＋ ･ ･ ･ ＋ kj - A,
m l ＋ - ･ ＋ mj
- m
,
ki十 m i > 0(i - 1, - ,i),j≦k ＋m ･ No七e that七hisis
a 丘ni七e sllm . T hele ading七e rm ofthe relatio nis
po(x,S.) - o. (4･5)
争t
Thu s we 七ake So - 紬)I In the co encien七 ofり
‾ l(i - 1,2, - )in (4･4),
Sl appe a rsin e x a ctly on ete r m which is c o rrespondingtothe s et of indic es
m - i
,
k - n - 0
,i - 1, k1 - 0, m l - i a nd which ha sthefo r m
a(Po(I ,So)Sl･
Allother七erm scontain S,･ and七heir deriv a七iv esfor3
'
< l･ He n
_
ce〉if S,
･ for
i< I a r ekn o w n, w e c a ndete rmineSl u niqu ely s ofa r a s∂ぐPo(x, So)do es n ot
v a nish ide ntic ally. Nam ely,
Sl -
1
∑ 軒
kpn(x,So) axk19m l ･ ･ ･ax
k3
'
Sm,･
∂(R.(T,B.)L J j! (kl ＋1)i･ ･ I(k,･ ＋1)!
(4･6)
He r e七he s u mis七aken a sin the se c o nd su m m ation in (4.4)e xcep七forthe
七e r m c o r re spo nd ingto m - I, k - n - 0,i - 1, kl - 0, m l - i. T he s e ries
a - ∑畏o 町3
'
Sjthu s c o n stru cted cle a rly s atisfies(4･3)･ T he r efo r e w ehave
T heore m 4･1 S
～
up po s ethai∂亡Po(∬ ,E(x))
”
never v anishesin a n ope n s et V
in Ul. Ifw e seiSo(x)- 亡(3;)a nd dePn e(Sl(I))(i - 1,2, - )by(4･6), then
afo r m al W E Bsymbol
ゆ - xp(Is(a,”)dx)
dePn ed by
O O
s(x ,り) - 叩B - 叶∑叩-3
'
91(x)
l= O
is a WE Bsolution of(3･1)･ Her eBl(l ≧ 1) a r e u niqu ely
～
dete r min ed a s
(po ssibly m ulii- v alu ed)a n alyticfu n ction sdejin ed o n V on c eSo(I) - E(x)is
jix ed.
R e m ark 4.1 T he slユble ading七er m of5
-isgiven as丘)llo ws:
91(x)-
1
a(Ro(∬,ど(I))(去∂<2po(xl(榔(小 P"xj(x”)･
Our con stru ctio n of a W K Bsolutio n o nly require s七ha.七 P to be afo rrTWl
diEer e n七ialope r ato r of W K Btype･ Ifw eassu m e七ha七 P is a diHe re n七ial
ope r ato r of W K B七y pe, w eba 問
曾之
T he o r e m4･2 The W E Bs olutio n4, c o nstr u cted in Theo rem 4.1 is Bo rel
tra n sfo rm able.
Pro of I七 s ufRc esto sho w七ha七 S is Bo rel七r ansform able･ Le七 V/ be an open
set s atisfyingV' ⊂⊂ v. T he reis a c o ns七an七 Co > 0so that
1
∂くRo(x,Bo(a))
≦ Co (4.7)
holdsfo re ach x ∈ V′･ Sin c ePn(x,ど)i8 entirein(for every 触 ed I ∈ Vl, its
de riv ative sc an be w ritten in thefo r m
a?(Pn(x,ど) -
3
'
!
2汀 v q/<,i,= 1/6
Pn(a,C')
((I - ()3
'
＋1
a(
/
, (4･8)
wher e6is a n a rbitr a ry c o n sta nt a ndj - 0,1,2, . . . . Hen c ether eis aco nsta nt
Cl - Cl(6)for which
la?(Pn(x,So(a))I≦j!n!Cl
n＋163
'
(4.9)
holdsfo rx ∈ V',i,n - 0,1,2, - ･ Le七 ∬o be a poin七iム v'. Le 七 B(xo,p)
de n ote a clo s ed disk ofr adiusp > 0 with c e nter a七 xo･ Letpo be a positive
n
～
u mber s atisfying B(xo,po)⊂ Vf･ we shallsho w thefollo wing estim atesfor
Sm(x)byindu ction :T her e xis七 co n s七a nts A > 0, C2 > 0 a nd M > 1sothat
lGm(x)l≦ m!A C2m E
- M m
(4.10)
holdsfo rany s ufBcie ntly s mallE, X ∈ B
～
(xo, po - E)and m - 0,1,2, ‥ ‥ This
holdsfor m - 0ifw e 七ake A ≧ s upfSo(x)I･ Suppo se that(4.10)holdsfo r
∬∈Ⅴ/
m - 0
,
i, . . . ,i - 1. T hen we have
la3kSm(x)I≦(m ＋ k)! AC,m ど
- M(m ＋k) (4.ll)
for x ∈ B(xo,po - E), k - 0,1,2, ‥ ‥ Infa ct,if 七he abo v e e s七im a七eholdsfo r
k, w ritingax
k＋19m(x)in thefo r m
a
x
k＋1Sm(I) -
1
27T√:I/x
㌻主
a
r
kSm(x
'
)
J
一 缶l= E/(k＋m ' 1)(x
J
- x)2
d∬/ (4･12)
a nd u sing(4･11)fo r EtO be(1 - 1/(m ＋ k＋ 1))ど, w ehav e
Px
k'1Sm(x)I≦(k＋ m ＋1)! A C2
m
fo r 3:∈ B(xo,po - E). Sin c e w eha v e
(1 -
1
m ＋ k＋1
(1 -
1
m ＋ k＋1)
- M(m ＋k)
)
- ”'m ＋k'
-(1十 ふ)
”'m'k'
≦
E
- M(m ＋k)- 1
(4･13)
< e
〟
a nd w e m ay a ssu me Eis s o s m all 七hat e
M
ど
M - 1
≦ 1, the righ七 ha nd side of
(4･13)isdo min ated by
(m ＋k十1)! AC2
m
E
- M(m ＋k＋1)
Thisim plies(4･11)holdsfo rk十1･ Combining(4･6) with(4･7),(4･8)a nd
(4.ll), w es ee tha七ISl(a)Iis domin ated by
co∑(
j＋k)!n!(kl ＋ m l)!･ ･ ･(k31 ＋ m3･)!
j!(kl ＋1)! - (k3･ ＋1)!
cl
n＋16j＋kA3
'
c2
m
E
- M(k＋ m) (4,14)
in B(xo,po - E). He r e a nd hereafte rthe s u m m ationis七aken asin(4.6)u nles s
othe r wise stated･ Cle arly(41 4)isles sth an
co∑
Sin c e
(j＋k)!n!(kl ＋ m l)!･ . A(kj＋ m3･)!
j!kl!･ ･ ･ k3･!
cl
n＋163
'
＋kA3
'
c,
m
E
- M(k＋m) (4.15)
(kl ＋ m l)!･ ･ ･(ち 十 m 3･)!
kl! - k3･!
m
c a nbe r e w ritte nin 七befわr m
(∑3;(ki. m i)!ふ (宗主1
k
J
(∑3iki'! vl-i(宗主'1?{.
m
L
'
i)
and(冒)(昌)≦(冒.'s)holds, - e s e that
∑
た1十
- ･＋k5 = k
ml＋ ･ - ＋m l
･
= m
(kl ＋ m l)!･ ･ ･(k3･ 十 m 3･)!
kl!･ ･ ･k3
･!
芽ヰ
(4.16)
(4.17)
(4.18)
is n otgre a七e r七ba n
∑
m l＋ ･ ･ ･ ＋ mj= m
m l!･ ･ ･ mj!(k
m!
＋
k!
m)!2た＋ ト 1
Ⅰ七is e a sy七o s e e七ha七七hefollowingin equalityholds:
∑
m l＋ ･ ･ ･＋m3
･
= m
Hen c e(4.15)isdo min ated by
m l!･ ･ ･ m3･!
m!
≦ 2J .
(4･19)
co
2
Cl
o≦,
.
≦kS.≦m < ll(86A,
3
'
(A)
A
(筈)
”
l!C&E
- M l
(4･20)
た＋m ＋n -l
First we 七ake 6 > 0 s otha七 86A < 1. Nex七 w e cho o se C2 > 0 for which
46/C2 < 1, CIEM/c2 < l and
CoCl 46＋ CIEM
2C2
(1 - 86 A)(ト芸)(1 - 筈)
≦A
bold. T hen w ehave
lSl(a)I≦l! AC笠E
- M l
fo r I∈ B(xo,po - E). This c ompletes theproofof T he or em 4.2.
5 Lo c al七he o ry n e a ra tu rmimg point
ln this s e ctio n w e a nlyz e W E Bsolu七io ns of(3,1)near
■
a tu ming point of
ra nk 2.
T he ore m 5･1 Lei P be a diHe re ntial ope r ato rof W E Btype deSn ed o n a n
ope ns eま U in C ･ Suppo s etha舌x * ∈ U is a tu mingpoint ofrank aofP with
a cha r acte ristic v alu e(. I Letr(x,E)bethe v a nishingfacto r ofP at(x *,(.).
LeまUobe a sunicie ntly s m allope ndisk withcenter atx * . Then thereuniquely
exist diHe rential oper atorsQ and RofW K B舌ype dePned o n Uo which saまisfy
the relatio n
P - QR
軒㌻
(5.1)
andthefollo wi?a c o
ndition s :
(i) Theprin cipalsymbol Ro(x,亡) ofR c oin cides Pith r(x,()･
(ii)Fo r ea chi> 0, ike co eBicie ntR,･(x,E)ofT7
‾ ∫ ofthe symbol ofR is of
degre e at m O S舌 o n ein ぐ･
(iii)TheprincipalsymbolQo(x,ど)of Qdo esnot v a nish a舌(x*,亡*)･
Re m ark 5.1 T he abo v e conditio n s(i) and(ii)imply that R is of s ec ond
o rde r･. Hen c ethis the o r e mis a generalizatio n of T heo r e ml･4 of[A K Tl]･
Pr oof We set
(>O
Q - Q(x,aJ叩,り) - ∑り
‾ 3
'
Q,I(x,鈷/叩), (5･2)
3
'
- 0
0 0
R - R(x ,aJ叩,叩) - ∑叩
‾ 3
'
R,
.(x,∂∬/叩) (5･3)
3
'
- 0
and w e wi ll con stru ct holo m o rphic fun ctio n sQ3･(x,ど) a nd R,I(a,く)(i -
o
,
1
,
2
,
… )de丘n ed in Uo x C so 七ha七(5･1)holds･ Takingtotal symbols,
w e s e e七hat(5.1)is equivale nセセo 他 efわllo wing r elation ofsy mbols:
oo (X)
∑叩
- n Pn(α,ど) - ∑り
- n ∑A(8EQi(xj))(∂kRj(x,ど))I
n = O ” - 0 i＋3
'
＋l- n
co mpa ring七he c o efEcie n七s of like po wers of r
l
, w ehave
Ro(x,ど) - Qo(罪,亡)Ro(x,亡)
for thele adingter m s, a,nd
pn(x
%
,() - ∑去aEQi(a,く)akR,･(刀,ど)
i＋3
'
＋l- n
fo r n - 1
,
2,3, ‥ ‥ We 七ake Ro(x,() - r(x,()andthe n,
Qo(x,亡) - Po(x ,()/r(x,()
isholo m o rphicin U. × a a ndQo(x *,E*)≠0･ Suppo se七hatRo,Qo,
Qた _ 1 ha v ebe e n obtained s o七hat they satisfy(5･6)fo r n - 0,1,2,
&i
(5･4)
(5･5)
(5t6)
‥
,
Rた_ 1,
‥
,
良 - 1
and a r eholom o rphic o n Uo x C･ To findholo m o rphic fun ctio n sRk a ndQk
o n Uo x a fo r which(5･6)holdsfo r n - k, w e set
Hk(xj) ニ ー ∑孟∂EQi(xl)akR,･(xl)･ Pk(xl)
i十3＋L= h
i,3
.
<k
Fk(3:,() -
Hk(∬,ど)
Qo(x,亡)
(5.7)
(5.8)
a nd
E mployingtheidea ofH･ Ca ftan([C, Ap pendix])in pr o ving a pr e cis e(i.e. ,
glob alin ぐ)v e rsio noftheSpath divis o n七heo rem , w ehav e七w o holo mo rphic
fu nctio ns Gk and Rk S atisfying
Fk(x,()- Gk(x,亡)Ro(a,()＋ Rk(∬,ど), (5.9)
where Rkis apolyn omialin ぐofdegree a七 m o s七 o n e. Wiknow that Gk(x,ど)
a nd Rk(I,ど)a re writte n a sfollo ws:
Gk(I,ど) -
1
Rk(x,() -
1
2打√=‡/1
27T√=‡
Fk(諾,E')
Ro(a ,(I)
fo
Fk(a,(/) 1
Ro(a,I/)(/ - 百
dE
/
, (5･10)
(ぐ＋E/ - (E＋(∬)＋ぐ-(x))a(
I
. (5.ll)
Hereく土(x)de n ote the char a c七eris七ic ro ots passing七hro ugh(∬*,C.), 1.(r esp.
r
yュ)is aco ntou r which en cir cle日ぐ andぐ土(x)(r esp. (j=(x))c ounte rclo ckwise
a nd which do es n ot c o n七ain any other z eros of Ro(x,()in (. Ⅰ七is clear that
Rkis holo m o rphic on tTo x C･ Sinc eFkis holom orphi･c o utsidethe se七 of
zero sofQo, s ois Gk, We n o ws et
Qk(x,ど) - Gk(I,ど)Qo(x,()･ (5.12)
Multiplyingthe both sides of(5･9)byQo(x,ど), w eha v e
Fk(x ,く)Qo(x,() - Gk(x,ど)Qo(a ,ど)Ro(a,ど)＋ Qo(I,亡)Rた(x,ど),
n a m ely,
Hk(x,() - Qk(x,ど)Ro(I,ど)＋Qo(I,ぐ)Rk(x,ど).
S.r7
T hu sQk a nd Rk S atis&(5.6)fo r n- k･ Bythedefinition ofGk, W eha v e
Qk(x ,() -
1
27r√巧/
Hk(x,(I)Qo(a,ぐ) 1
㌘モモ
d(
I
, (5･13)
o
Ro(a,E')Qo(I,E')
T he right-h and side of(5.13)c a nbe dec o mposedinto the su mof
1
27r√:i/o
Hk(x,(
/) 1
Ro(x,E')(I E
d(
/ (5.14)
1
2町√巧
a nd
/
Hk(x ,Er) 1 Qo(a,(I) - Qo(x,ど)
o
Ro(a,(I)Qo(x,(I) E' - (
dE
'
(5.15)
sin c etheintegr and oftheintegral(5･14)is holo m o rphic at the s et ofz er os
ofQo,(5.14)can beholo m o rphical1y co n七in u ed七o C in (I Thein七egrand of
(5.15)is holo m o rphic a七く - (
/
I Hen c eQk(x,()ca n be als ocontin u edto
t
^
he whole a in ぐ･ Hen c e w eha v eQ a nd Rs atisfying(5･1) and(iト(iii)in
fw EB(Uo)･
Ne x七 w epr o v ethat Qk(x,()a nd Rk(a,()satisfy七he growth c ondition s
r equired fo rW K B 七ype oper ato rs･ Le七 xobe a poin七in Uo andp apo sitiv e
n u mbe r s atisfying
(x ∈t7o;Ix - XOI≦p)⊂ Uo･
Let L be apo sitiv e n u mbe r a nd let Ko de n ote the c o mpa ct s et
((∬,I)小 一 xol≦p,L'(I≦ L)I
T be n七her eis apositiv e c o n s七a n七C s o 也 a七
IP,･(ど,ど)l≦jl･C3
'
＋1 (5･16)
holdsfo r all(x,ど)∈ Ko. W e c an七ake apo sitiv en u mbe rAo fo r which
IQo(x,()I≦ Ao (5･17)
and
lRo(x,ど)I≦ Ao (5･18)
hold fo r al1(I,亡)∈ K.. Note that, by the con s七r uc七ion ofQ由(x ,亡)a nd
Rk(x ,ぐ),ther e e xists apositiv eco n s七an七Cl thatisindepende n七 of七he choic e
of7o and 71fo r which
lQk(I ,ど)I≦ CI S up IHk(x
/
,(
I
)l (5･19)
(xJ,(/)∈Ko
守官
a nd
IRA(a,ぐ)f≦ CI S up IHk(x
/
,E
/
)I
(∬′,Er)∈Ko
(5･20)
hold for al1(x ,()∈ Ko･
Le七 E be a positive nu m ber･ Le 七 Ma nd N be re al n umbe rs satis&ing
l < Ⅳ ≦ 〟/2.
Le m m a5･1 Le舌(Ak) (k - 0,1,2, … )be a s eque nce ofpositive nu mbe rs
dePn ed byikefollowing recur ren c eform ula :
Ak - Cl(∑ AiAj＋(EMU)kc), k > 0･ (5･21)
i十3
.
≦h
i,3
.
<k
Then thefo r m alpo w er seriesI(i)dePn ed by
OO
f(i)- ∑Aktk (5･22)
k= O
is a c o n ve rge ntpo we rs eries off.
Proof of Le m m a 5･ 1 T hefo rmalpower serie sI(七)satisfiesthefollowing
quadra七ic equation :
占f(i)2 -(去＋2Ao)I(t卜
E
Mc2舌
^つ Ao
- A喜 一1 - EMC去 り U cl
' (5.23)
Sin c e七he dis cri min ant of(5123)do e s no七 va nish a七t - 0,(5123)ha s a uniqu e
an alytic solutio nI(i)which s atisfiesI(0)- Ao. T his prov es七helem m a.
Let D(E)den o七e 七he c o mpa ct set
((x,ど);lx - xoI≦p - ど,l引≦ L - E).
We shallpr o v ethefollowing e stim atesbyindu ctio n :
[Q,･(a,ど)1≦j!E
- MjA3
1 (5.24)
a nd
IR,･(a,ど)I≦j!E
‾ M3
'
A,
L (5.25)
holdfor al1(x,ど)∈ D(E),i - 0,1,2, … .
c
b
･
う
Suppo s ethat(5.24) and(5･25)hold fo rj - 0, 1,2, ･ ･ ･ , k - 1･ A simila r
argu m ent a畠in the proofof(4.ll)sho w sthefollo wing: w e m ay a s su me Eis
so s mallthat eNEN
- 1 ≦1, a ndthe n
I∂EQ,･(a,ど)I≦(i＋I)k
- M3
1
- NIA3
･
a nd
I銘R,I(x ,亡)I≦(i＋l)!E
- M3
'
‾ N IAj
hold fo r al1(I ,I)∈ D(E),i - 0,1,2, - I , k - 1 and fo r a11 l-
T hen
,
by七he de丘mi七ion ofHk, W e S e etha,tlHた(x,ど)Iis do minated
∑
i＋3
'
十L -良
i,3
'
< k
(i＋l)!(j＋l)!
lT.
E
- M(i＋3
'
＋l)AiA3
･ ＋k!C
k＋1
(5･26)
(5.27)
0
,
1,2, ‥ ‥
in D(E)by
(5･28)
Sin ce we hav e
(i＋l)!(j＋l)!
k!l!
≦1
fo rA - i＋j＋l, w ese ethat(5･28)is n otgr e ate rtha n
k!E
- M k(∑ Aid,I ＋(e
M c)
kc)･
i＋3
'
≦k
i,3
'
<h
T hu s
,
by the de丘ni七io n of Ak,lHk(x,()Iis do min ated by k!E
‾ M kAk/Clin
D(E). Co mbining七his with 七he pr e c eding r e m a rk, w e s e ethat(5124) and
(5.25)hold fo ri - k･ By Le m ma 5･1, the re e xis七 a c o n sta nt C2 > 0so that
Ak ≦ a,
k＋1
holdsfor k - 0,1,2, ‥ ‥ He n c eQ and Ra r ediHerentialoper ato rs of W K B
七ype･ T he u niqu e n essfollo w sfro mthe u niquen ess of Ca r七an
-Spath div sion
七beo re m. T his c o mpletes七be pr o of.
T histhe o r e m can be ea silyge n e raliz ed七o the c a s e whe r e七he rank of a
tu r n lng pOin七islarger 七ha n2:
T he o r em 5.2 Let P be adiHe re ntial ope r ato r of W E Btype defin ed o n a n
open se舌U in C. Suppo s e娩 a舌 x * ∈ Uis a tu r nin9POin舌 ofr a nk m ofP with
a cha r a cteristic v alu e(辛 . Leir(x ,ど)beike v a nishingfa ctor ofP at(x*,(*)･
LetUobe a s uBicie ntlysm allope ndisk withc e nte r a舌x * ･ The nther e u niqu ely
?o
e∬is士diBbre ntialope r aまo rsQ a nd Aof W E B type dejin edin Uo which s atisfy
the relation
P - QR
andthefollowi
.
ng co nditio n s:
(i)The principalsymbol Ro(a,ど)ofR coin cide strith r(T,()･
(ii)For e a ch3
'
> 0
,
the c o eBicienまR3･(a,ど)ofT7
‾J ofthe symbol ofR is of
degree aま m o si m - 1 in°. Hen ceR is ofo rde r m.
(iii) Theprincipal symbolQo(x,ど)ofQ do es n o舌va nish a舌(x*,ぐ*).
Ⅰ七is e vide nt that T he o re m s5.1 a nd 5.2 e nable u s七o r edu ce 地 e W K B
analysis ofthe operato rP 七o 七ha七 of a 丘mi七e orde rdi 鮎r ential ope rator R,
a七1eaB七 near 七he七ur n lng POin七in qu estion . In e nding七his paper, w e show ,
as a 七ypicalexa mple ofsuch a redu ctio n, ho w to a nalyz e七he co n n ection
phen om e n a of Borel七ransfor m edWKBsolutions n ear asimpleもu r ning point;
the r eas oningis e ss entiallythe s a me asthatin [A K T l], where the e xa ct
W E Banalysisfo r七he 七hird order diHerentialope r a七o risdis c u ssed 七hrough
the redu c七io n七o tha七 of the seco nd o rderdi鮎ren七ialope r ato r.
Let x* be asimpletu rIling pointofP . T he nthe diHe ren七ialoper a七o rA
c ons七ruc七ed in T he o re m5,1 n e ar ∬* ha s七hefわrm
R - り
ー 2a2＋ A(a,Tl)TrlaT ＋ B(I ,り), (5.29)
wher eA a nd Bareform als e ries ofrr
l wi七h holo m orphic c o e艮cie n七sde丘ned
on a neighborho od ofx * a ndtheleading七er m s ofA a nd Ba r e -(E＋十L)and
ぐ＋し, respe c七iv ely･ Hen c e x* is a simple七urning point ofthe s e co nd- o rde r
ope r ato rR. Le七ゆ土 and4･土 reSPe C七ively denote W E Bsolution s of P4) - 0
and R4) - 0 of 七hefo r m
也 - e xp(rsi(x,”)dx) and ¢土 - e XP(rTi
r
(a,”,dx), (5･30)
whe reSj=(x ,叩) - ∑畏_ 1り
-2
.
Si, ･(x), Tj=(a,叩) - ∑芸_ 1 町jTi, I(I), a nd
S土, - 1(x) - Ti=, - 1(I) - Ej=(x)I Ⅰ七follo wsfr o mT he o re m5･1七ha七
P4,士 - QR¢土 - 0.
Hen ceS士 and Ti m u stc oin cide sinceboth¢土 a nd¢土 a re S Olutions of P4) - 0
andtheirle ading七er m sS土, - 1(x)a nd Tj=, - 1(x)are七he sam e･ In other w o rds,
引
4,土 also s a七isae sthe se c o nd- order equ ation R¢ - 0. Fo r a s e c o nd- order
equ atio n w ehav e a
㍑
go od
門
n o r m aliz a七io n of WKB s olutio ns n ear a simple
tu r ningpoint(cf.[A K Tl])･ T hatis,lettingS.dd a ndSeve n r e spe ctiv elyde note
sodd -芸(s. - s-) and Sev e n-喜(s. ･ sJ, (5･31)
w eha v e
sev e n- - ⊥ 塾 旦 一芸nA(x,7)～2 Sodd ∂37
The n七hefollo winggives w ell- n o r mali2;ed W E Bs olutio ns ne a r x*:
･i(x,叩)- 志 exp(L
a
(i Sod d 一言nA)dx)･
(5.32)
(5.33)
By u singthe sam e re as o ning a sin[A K T l, T he orem 1.8], w e c a nthenfind a
for malc oordin ate 七ra n sfo rm atio n which brings R¢ - 0to 七he Airy equ atio n
(r7
‾ 2
a - 孟)甲 - 0
ne a r x*(cf･[A Y]), and c o nsequ e ntly obtain thefollowing c o n n ectio nform ula
fo r(5･33)･
T heore m 5.3 Lei Pbe the ope r ato r c o n side r ed in The o rlem 5.1. Assum e
that x* is a simple tu r ning point witha characte ristic v alu eE. . Let(j=(x)
deno舌eike charla Cie ris士ic ro ots passingthro ugh(x * ふ)･ Let4,土(x,T7)bethe
W K Bs oluiio n s ofEqu ation(3･1)n o r m aliz ed a s(5･33) with S- 1 bein9ぐ土(x).
Let¢もB(∬ ,y)de note their Bo reltran sfo rrTL9. Then o n a suBicie ntly s m all
neighbo rho od ofthe origin ofC｡ × Cy *j=.B(x,y)ha v etheir singula rities o nly
alo ngr＋ ur _ , whe re
r土 - ((x ,y); y＋L
x
(j=(x)dx - 0)･
Fu rthe r m o rethe sin9ula rpa rt of4,＋,B(x,y)(resp･ ,4L ,B(I,y))alo ngr- (re sp･,
r＋)c oin cides with吋 - ,B(x ,y)(resp･ , - 吋＋,B(3:,y)).
A Ap pe ndix
Inthis appe ndix, to see whathappe n s atpointsfar aw ayfrom tu r n i ngPOints,
w e pr es e nt 七be globalStokesge o m etryfわr s o m e c o n c rete ope r ato rs ofW K B
ul乙
type which admi七in丘nitely m any pha s es;the Stokesge om etryis described
wi七b七be help of a c o mpu七e r･ Tbro ugbout this appendix
con sider ed o n C(i･ e･ , allope r atorsbelo ngto EwKB(C)).
Ex a mple A .1
p(抑 1孟) - cosh(孟孟ト x
- 差益(去訂 - x ･
alloperators a re
(Al )
(A.2)
A s七raigh七for w a rd calc ulatio n sho w s七hat s olu七io ns of equ atio ns P(x,ど) -
(∂P/∂()(I ,ど) - 0 aregiv enby
(x,ど) - (1, - 4n2i7r2),ト1, -(2n ＋1)2i7r2) (n ∈ 芝). (A.3)
Hen ce七u r n lng points arelocated at x - 1 and x - - 1･ T hese七u r n lng POin七s
aresho wn tobe simpleinthe s en s eof Definition 3･6･ W e c a nalso verifythat
charac七eris七ic r o ots of Ppasingthr ough(1, - 4n2i汀 2)年regiv e nbyfn and
I_ n for e a ch n ∈2:, wher e
fn(x) - i(2n打i･log(x ･ ∬2 1)
2
(A.4)
Here
,
七o spe cify七hebr a n choffn, w eplace c uts alongthe intervals[1, ∞)a nd
ト ∞ , - 1】in a:- pla n ea nd cho osethe bra n ch s o七ha七thefollowing relations
bold:
J許=了
∬ = o
- i and log(x ' 併 7)l∬ = . - iq/2･ (A･5)
He nc?w efindthat Stoke s c u rves(cf･ De丘ni七ion 3･5)e m.
a n atingfrom x - i
a r eglV e nby
Im/
∬
(jL(∬) - I- n(x))dx - 0: (A.6)
Note that(A･6)is equivalent tothefollowingfo rm , which doesn o七depend
On n :
ImJ
訂
log(∬ ＋ x2 - 1)dx - 0･ (A.7)
He nce all Stokes c u r vese m a n atingfr om I - 1 si七 on the s am e cu r ve. Sim -
ilarly, sinc echa r a cteristic roots of Ppassingthroughト1, -(2n ＋ 1)2im･2)
う芸
∬o
Figure1 Figu re2
- 1
(n ∈ a)a r egive nby fn andI_ n _ 1, W efindtha七S七okes c u r v e s e m a n ating
fr o m xニ ー 1 ar egiv en by
Imf
x
l
(fn(I) - I- n - 1(x))dx - 0,
which is equiv alen七七o
I-/
c
l(log(x ･ v n 卜 i打)dx - 0･
(A･8)
(A.9)
T hus(A･8)is alsoindepe nden七 of n, like(A.6). Stokes cu rv e sde丘n ed by
(A･6)a nd(A.8)a r esho w nin Fig. 1.
Sin c eStokes cur v e sin Fig. 1 ha ve cr ossing points, w e n e ed七ointroduce
virtualtu r ningpoints and n e wStokes cu rv e s･ (See[AK K T]fo rthe details.
Se e als o[B NR],[AK T 2]･)Fo rthe oper ato r(A.1)virtualtllr ni gpoints are
giv e nby x - 土 c o s w, w here wis a n o n z e ro solutio n of w - t an w. Ne w
Stokes c u rv e s which sho uld be added七o Fig･ 1 ar egive nby
ImLo
x
(fn(a) - fm(x))dx - 0,
巧
､
牛
(A.10)
wher exo is a cr o s slngpOin七in the up pe rh alfpla n e) a nd n, m a r eintegers
s atisfying n ≠ - m ,
.
n ≠ - m - 1･ (Ea ch ofn ew Stoke scu r v e spa朗 eS七hr o ugh
o n e ofvirtu al七u rnlng pOints･)Eq.(A.10)is equiv alenセセo
ImLo
x
(ik7r ＋log(I ＋ v m ))dx - 0, (A.ll)
wher ek - m ＋ n ･ We sho win Fig･ 2 these new Stoke scu rve sfor k =
- 3, - 2,1,2.
Ex a mple A .2
p(x,”
- 1孟) - c o sh(三豊ト x ･ (A.12)
T his s avariant ofthe oper ato rLodiscu s ed inIntr oductio n. Sin c es olution8
of equ atio n sP(x,ど) - (aP/∂()(x,()- o a re
(a ,ど) -(1,2in7r),(- 1,(2n ＋1)in) (n ∈2:), (A.13)
tu ming pointsfor(A･12)ar e x- i and x - - 1. T hes e七u rning points are
simple･ C ha r a cteristic roots of Ppa B8ingthr ough(1,2inq)ar egiv enbyfi＋)
andj*)(” ∈ A), whe re
fi＋)(x) - log(x ＋ 府 二了)十 2in q, (A.14)
fi-)(x) ニ ー 1og(x ＋ v m )＋2in m (A.15)
He r ewe choo s ethebran ch offit)in a simila rw ay a8in Ex ample A.1. We
als o丘nd七hat the charac七eris七ic ro ots of Ppassing七hro ughト1,(2n 十1)i7T)
a r egiv e nbyfi') andfiュ)1. Hence Stoke scu rv e sem an atingfr . m x= 1 are
giv e nby
Imf
諾
(fi')(x ト fi-)(x))dx - 0, (A.16)
andStokes c urvesem a n ating&o m x - - 1 are give nby
Im/_
x
l
(か)(x卜 fiI)1(x))dx - 0. (A.17)
We c an show 七hat(A･16)a nd(A･17)a r eequivalen七 to(A.7) and(A .9),
respectiv ely･ Hen ce Fig･ 1 also sho ws the co nfigu ration ofStoke s c u rves
de丘n ed by(A･16)a nd(A･17).
守㌻
W e sho uld introduc e virtu altllr ni g poin七s and n e wStokes c u r v esto 丘nd
a c o mpleteStokes geo m etry,jus七in 也 e sam e man ne rasin Ex am ple A. 1;
virtual七u rning points a regiv e nby x - 0 and x - 土 co sw , whe re wis a
non z e ro s olutio n of w - ta nw
,
a nd n e wStoke s c u r v es a re defin ed by
ImL
x
(fl＋)(x ト fi[)(｡))dx - 0 (n ≠ m),
I-L
x
(fl
-'
ImL
a
(x卜 fi{)(I))dx - 0 (n ≠ m),
(fi＋)(a) - 虎‾)(x))dx - 0 (n ≠ m , m - 1).
(A･18)
(A･19)
(A.20)
We c a
.
n sho wthat(A ･18)and(A ･19)be co me theim agina ry a xis, a nd(A･20)
is equ ivale nt to(A･11)･ T he se new Stokes cu r v es(A1 8),(A･19) and(A･20)
a r esho w nin Fig. 3.
Figure 3
Ex am ple A.3
p(x,り
- 1孟) - exp(叩 - 2d2/dx2ト e xp卜x2)･ (A･21)
For(A.21)w efind七ha七 adouble 七ur ning pointislo cated at a - 0, a ndsim ple
turnlng points a r elocated at x - an and I - - an , where
an =〈e
iq/4J豆;蒜 (n > o),
ieiq/4 滞 (n < o).
千島
(A.22)
W e de丘n efu n ction sg㌘)(I) (n ∈2:)by
g占＋)(x) - ix, 9i')(x) - - x2 ＋2in 7T(n ≠0), (A.23)
a ndgi
-)
ニ ー gi＋)･ T hen Stokesc u r vesem an atingfro m x - o a reglV enby
I-L
諾
(gi''(a) 一 紬 )dx - 0･ (A.24)
We also 丘nd七ha七Stokes curv es e manating&o m x - an and ∬ ニ ー an are
giv e nby
Im
4.
L
x
(gi＋)(x 卜 g㌃)(a))dx - 0 and I-Fan
ミesPe C七ively･ Stokes c u rv esdefin edby(A･24)a nd(A125)a re sho wn;n Fig.
′
(gi')(x卜 gi-)(a))dx - 0,
(A.25)
Figu re 4
Animpo rta n七 obser v ationis that non e of七be cr o s sing points of Stokes cu rv e s
in Fig･ 4 ar eordered(in the s e n se of[B N R]);thus thereis n o n eedt. add
n ew Stokescu rv esto obtain acom pleteStokesge o me七ry･
Ex am ple A A
P - Po ＋り
‾ 1pl, (A.26)
?7
wher e
0 0
Po(x ,ど)- (i卜 x)”
n = 1(1 -蛋), (A.27)
pl'xl)(- Pl(”)-差官盈(1 -茅)(cj 6 C,I (A･28)
Her e w e a s su m e
-
tha七 ∑,T
'
= 1fcj12 sho uldco n v erge ･ One c a n readily c o nfir m
七ha七
,
fo rea ch 丘Ⅹedり(≠0), both Po(x ,叩
‾ 1d/dx) and Pl(rュd/dx)dete r min e
differ e ntialope r ato rs of infinite orde rin the s e nse of[S K K].
T bis oper 乱七oris relatedto ale velc ro s sing pr oble m in qu a ntu m m e cb 弧ics
in an non - adiabatic appro xim atio n; c o nside rthe following syste m of equ a-
tio ns, which is ageneralization ofthe n-le v el m odel discu ss ed in[B E]:
叶 ュ霊-(Ho 叶 1′2Hl/,)*,
中 - t(4,o,4,1, … ),
Ho
Hl/2 -
diag(x,1,4,9, …),
0 cI C2
守
石
whe r e
(A･29)
(A.30)
(A .31)
(A･32)
T he n astr aightfo r w a rd c o mputatio n sho ws七hat4,. sa七is丘es P4,. - 0.
Wefindthat 七u rn lngpoints a reloc ated at x - α n for n - 1I2, I ･ ･ , where
αn - n
2
･ T he se 七urningpoints(αn)ar eshow nto be double. Stoke s c u r v es
em a n atingfro m こご- α n a r eglV e nby
Im
Re
o r
,
equiv alently,
/a:
/a:
(x - α n)
i
dx - 0
,
(x - α n)dx - 0.
T he seStokes cu r v es a r egiv en in Fig･ 5･
?普
(A ･33)
(A.34)
α1 α2 α3 α4
Figu re 5 Figure 6
Stokes curve sdraw nin Fig･ 5 ha v ec ro s sing points, a nd allofthem are
orde red cro ssl ng pOin七s･ To detec七 virtual tu rn lng points ne ededto 且nd a
complete Stoke sge o m etry, w e u s ethe me也 od giv e nin【A 王くT5】, wh 血 is
bas ed o nthe n otio n of bicharac七eris七icdiagr ams(cf･[A K T5,Section 3]). We
七hen 触d七hat n e eded virtual七uming points α n,m(n, m - a,i,2, ‥ I , n≠ m)
are give nby
/an
a n 7 m
αn dx -L
a m
x dx ･/a:
n 'm
α - dx . (A･35)
By s olving(A･35)w eobtain αn
.
, -
- (αn ＋ α -)/2･ Ne w Stoke scu r ves which
sho uld be addedto Fig･ 6 a r egiv e nby
Re/a
∬
n 7 m
(αn - α m)dx - 0 (n, m - 0,1,2, ･ ･ . , n ≠ m).
Fig･ 6 sbo w s比e re sultingStokes ge om etry of(A.26).
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